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2. Eq.(10) ICHHRZOEDNE S,
Eq.(9) Z. B ICEUTRL &

B = (X'X) (X'y-L'm)
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B=(X'X) X'y
ERANDE,
B = B-(X'X) L'm

£33, COMBOENS L EEIT THRREERNDE,
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flzy) =2 +y> =3z — 4y (35)
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2?2+ =25 (36)
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9(z,y,A) = f(z,y) + A(” + y° — 25) (37)
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p
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j=1

ERANETDIRERDD, STSVYI1DFEHZE N &L
Q=InL+ A (1—ij) (60)
j=1
HEZD, CNZINSAITRHDIDE
0Q _ Je_, (61)
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583N, CnNzE 0 EBLCEICKD,
T = ~fr (62)
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ZEM = Z%fk = %ka (63)
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EIRBDNN Eq.(58) KD (CTNIF Q m3T
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N
\

1 P
X S fe=1 (64)
k=1
ENAN
A=D1 (65)
k=1
=15, .
fr
- 66
Tk Zzzl fk ( )
THD.
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FDBICHSONIZXIHALE
P
InL =Y f;jlnm; (67)
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Zr2xp DI B Er2x1 ORI R)L e ZRANT

P
Br=c or Zbljﬂj:cl, 1=1,2,...,r2 (68)
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ENDHNFHD R TRAIEIDCEEEZ D, ITIZL. ERDDFN 1 E7RDENDHIRIE
FEEOFKDPICETFNTNDEDNETD, (TEAIE BIFHDE1ITHNETIT, ¢ =1
£93)
Let us define the constrained log likelihood as

r2 P
=inL—Y N bym;—a), (69)
=1 j=1

where \;,l =1,2,...,72, is the Lagrangean multipliers. By differentiating () with respect to

m; and setting the result equal to zero, we have,

T = zﬁ{j)\zsz’ j=12..p. (70)
Therefore, the original form B constraints can be written as
S bm =y Dl (1)
j=1 j=1 Zai=1 MYl
or,
zp: _bwli ek =0. (72)

2
j=1 Z;:l At
for k =1,2.,,,.r2. This is the system of 72 equations for unknown A}s, and the numerical

solution may be obtained by Newton’s method. The necessary derivative matrix of the

above equations is

89;.@ - .f bkj 'mj
P T2 P ™
for k,m = 1,2, ...,r2 where g, stands for the left hand side of the k-th equation in Eq.(72).After
obtaining the value of the Lagrangean multipliers, the maximum likelihood estimates of 7
can be calculated by substituting those values into equation Eq.(70).

Note that the same can be accomplished more easily if we use the equivalent form A

constraints.
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where

di. = |lyu) — comll? (76)



The objective is to find those m;, i =1,2,...,I, k=1,2,..., K, which minimize f above

subject to

K
> mi =1 (77)
k=1

Let L;, i =1,2,...,1, be the Lagrange multipliers and we minimize
I K
gy () (78
i=1 k=1
with respect to myxs and L;s.
Now
0 f1 _
anj;k = dpqm’t — L (79)

By setting above equal to zero, we have

L
mh = g (80)
and, accordingly,
L, 1/(a—1)
ma = () (51)
3
L. 1/(q—1) 1
= = X —— 82
(3) ap ®
Therefore, by Eq.(77), we have
K ! 1/(g-1)
L; 1
Ll)l/(q—l) K 1
= (= X (84)
1/(g—1
< q k=1 dié(q :
- 1 (85)
) . L.\ /(a1

and solving the above equation for (7) , we have

Li 1/(g—1) 1
(B -

q k=1 g7

1

= 7 (87)



Therefore, by substituting above in Eq.(82), we have

2.8

mgp =
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SUSVI1DFLEN 0 E13D6.

1 1

ZK 1 X g/ (a=1)
a=1 d}/(‘l*l) ik

1
7D
dik !

T s
=1 41/(a—1)
a di,a q

1

K al/@D

ik
a=1 gl/G=1)

1

e

22{21 (gia ) 1/(g—1)

flayy) = 2® +day + 4y
subject to : z2 +2y* =4
Solution
det=0
flayy) = 2°+y?
subject to : y = z?
Solution
flayy) = o®+¢
subject to : (z — 1) +¢y> =1
Solution
flzy,2) = ayz

There are 14 different solutions.

subject to : 2 +2y? + 322 =6

10

(94)
(95)

(96)
(97)

(98)
(99)



3 WUREAVCHE
px 1 DINSRD B ICHDBEHOFIE, UFOZDDOMICEL CENTES.

Form A #l#9 (A,d)

B=Ay+d, (100)

2L A BN ri THD px r OFH. dEpx 1 DRI v &
1 x 1 DEBORD IV TH D,

Form B #l# (B,c)

BB =c, (101)

EIZU. B3 BED r; THDre x p®DIFH cldry x 1 ORI RILTH
2. CTOEDEREZDEDICIE. ¢ B B OFZEREDDICRFNIFESEU,

COZDDIEHFDEIIENCRIRZRLTRD, SZAONEHREANZEES5DETE
KRIFITDCENEEKD, CNSDZDDHNDEBSHNSZONLHBE. HD—TIN\DEH
[EUTDRDICLUTITDOCENTED,

Form A D5 Form B \NQDE#
BEEDY r; D form A DFIN (A, d) D5ZENIEZEEIC, ZNERDEDBE p — r}
D form B DFY (Ba,ca) &

BA:AR7 CA:ARd, (102)
TS5ZA6ND. 212U A [Ep—r] x p DIFFITHO,
Q,=1,-A(A'A) A=A, Ap. (103)

ZRIEIENTHD, (—RICIBEESRE.) TBENHBE. By THELT, AfT
SIDFZEBICER T DR DR BEO rf OIILS YD DITHZERNNIEXRL,

Lieht>T

B,g

= ARAv+ Ard = 0+cy (105)

E3D.

Form B H'5 Form A \QDZE#
BEENY r D Form B O#IM (B, ¢) N5Z26NEEHES. TNERDEDREE p — r}
D form A OFIKY (Ap,dp) &

Ap =By, dg = (B'B) Bc, (106)
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E5B, FIEU. B Epx p—ri OF5IT
Qp =1,- B'(BB') B = B.Bp. (107)
ZRICIEDNTHD, (—RICIEFSIEN,) IS5, A 750ELT, BT
BIDTEBICER T DELDE. BED p— 5 OISV DDITIZERNNIERL,
LiZhioT
BB = B(Apvy+dgp) = B(Byy+(B'B) B'e) (108)
= BB;y+B(B'B) Bc=0+c (109)

Elsd, (BEMOHIHNDBE

—f%IC, Form B OFEOHKIG, ZORKIDCELEERLOIVETHDIN, RIFNICTL
EXDIC STV I a0 EERVEZDIRDBRNDEETHD, HO Form A (G, 2D
BRI DL CBDERESIH LL\D BOESDHTHELRD, BICHRPLETILOBSE, RO
Y CNES

B = (AX'XA) 'AX'y+d (110)
Exd.
%D Eq.(6) mUIZ (L, ¢) ICXIMT D (A, d) [FIUTDXKDICTED,
01
a-|01 and  d=0 (111)
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