i
g
O
G

S
P

RSt
)

/

WS

B DEE1L
—fRIC, HIEH r(€) DIBE BIMEECIIBAREBOCETHDN, AEITIBNMECTD)

Z523INSXE £ DEEHENICKRDDCEZBEBHORBILETSD, Z2OIAEL, @SHD
FIETROE &€ ONEEN'S, r(§) DD I DM d \HDIDE o CIHEIET D,

Sy = &) +adey (54)
ENDEDIED B USTET/NSAXAIDBZEFHF LN ENDFEEED. BHR. COBI r(€)
[FBEEURE4L objective function CIEIN D,

HENZBILOTIEICBHERBEDDH DN, ZNOSDEHENS, EHDEOM di ZED
RICUTEDDDICKD., —iRBICEE UTICTRIRDIC, gl€e)) Z r(§) DINSAYDSER
(CRET B —RIRMDFEND B (gradient) Z& & = §() THHBLIZENELT,

g(&w))'de) <0 (55)

Thnid
7'(5(e+1)) < ?"(5(2)) (56)

EWICT ATV IV X o D'FET D,




= CODHAT R TOOTCHD,

R D niminb B8#X

= BRI r(§) E5ZDEZFOBEBRORIMEZSZDEHEE
Newton-Raphson (A TIELTI<ND,
= SRS
IND AL DRERENRD )L, BBIEEE
A U Cy
BRI DOFEEIBN/ NS XS, gradient. hessian
FIEARD/INSAF X~ (reltol, itermax, trace )

resnlm <- nlminb( param, func)

resnlm <- nlminb( param, func, control=list(trace=1) )
resnlm <- nlminb( param, func, data=data )

resnlm <- nlminb( param, func, gradient=g )

resnlm <- nlminb( param, func, gradient=g, hessian=H )

= fERIE X~

$par, $objective, $convergence(=0), $iterations




OYXRF D0k

1

Pr(Y; = 1|z;) =

1 +exp (—(ax; + B))

= P(zj|a, B) = mi(&)

(66)
EFILDINSAIIZ € = {a, 5)
(fi,r:) 25T CEH-C U T,
E(Rilz;) = fi x P(xi|a, B) = fimi(§) (67)
var (Rilz;) = fimi(€)(1 — mi(§)) (68)
Thd.,
L(§) = f[lfz‘.(ﬁ)y’(l — (€))7 (69)
L(§) = f[lmt(ﬁ)”(l —m(€) (70)
XTI E RS )

T

InL(€) = 3" ylogm(€) + (1 - y)log(1 — m(€))  (71)

i=1

n

InL(g) = Zr.,; log

i=1

mi(&) + (fi — 7)) log(1 — mi(§)) (72)
CNERKICTDLDIC € ZKHD,




RICKDETE

param A% € [CHHHT 5,
data <- data.frame( x, r, f)

# probability (logistic function with slope and intercept, no 1.7)
P <- function( x, param ){

a=param[1l]; b=param[2]

z=a*x+b

P=1/(1+exp(-2))

return( P )

> #endof P

# minus log likelihood

mllh <- function( param, data ){
x=data$x; f=data$f; r=datas$r
P=P(x,param)

llh=sum( r*log(P)+(f-r)*log(1-P) )
return( -llh )

¥} # end of mllh

resnlm <- nlminb( c(3, -1), mllh, control=list(trace=1) )

OY T« VOO ERIE

param=c(3,-1) M5iRH 5,

o 1.4642 (0.861)
I5] 0.2127 (-0.14)




NIminb d)%:xtftg -log likelihood  alpha beta

49.294500: 3.00000 -1.00000

40.270717: 2.43365 -0.175834
36.331303: 1.60680 0.386591
36.113120: 1.51818 0.234972
36.111554: 1.41473 0.224860
36.098074: 1.46310 0.205857
36.097812: 1.46518 0.214235
36.097797: 1.46435 0.212764
36.097797: 1.46434 0.212761

oNOOUh~hWNHO

-40
-45
=50

a 1.4642 (0.861)
3 0.2127 (-0.14)

-1 1k

-log likelihood alpha beta
: 49.294500: 3.00000 -1.00000
40.270717: 2.43365 -0.175834
36.331303: 1.60680 0.386591
36.113120: 1.51818 0.234972
36.111554: 1.41473 0.224860
36.098074: 1.46310 0.205857
36.097812: 1.46518 0.214235
36.097797: 1.46435 0.212764
36.097797: 1.46434 0.212761

oNoOOUuh~hWNHO

A
«a 1.4642 (0.861)

K 0.2127 (-0.14)

10




= D D358, gradient, Hessian, Jacobian

11

WD D56

1 #D. RBo, BiEMD
11 ERE
2NS—BERDANS—8 « DI
v = f@) )
D x (BT BHD (derivative) ZEDE (difference quotient)

qu:ﬂ$+2—f@) -

DIFPR

Py = Gy = @) gy, St - f@) 5
N

h—0 h
EEERSND. B f(x) DY 2 THOTEEE. h BAERBESUICTENS 0 IC
WM DBRAETE L. ZNEN—HITDBEESTHD.

12




flx) B px1 DRD KL z DEFTHDEE. f(xz) D z; ICEEIT DRMD
(partial derivative) Z&

flri,ze, . xj, 2+ h o, .. xp) — f2)

dflx) .
5 A N (4)
TEETD, Fe. TNEZZFEDHT px 1 ORT RILOFICENCZEDOZ=
J f(z)
/ r(").’.l'.-'l \
J f(x)
J T2
o0 flx : -
J8 1 4 (5)
(") ;I,'j
9 f(a)
\ J x, /
N
13
gradient vector
1.2 Gradient, Hessian, Jacobian
HE) B px 1 DISKIRT R €
&1
&2
£= 5;; (6)
3

HERDANT—EDOEMETD. r D £ DBERE ICHITDZ—REDE £ AL
px 1 OFICHWMANZEDE r @ gradient vector (FEAD L) EMY, Vr(g)
sz 278 cas.

d&p 14




Hessian matrix

g, 278 om j ga0ER 518 5 ¢ THELEEDE i BRELT

&
D p x p MfTF%& Hessian 790U H(€) FIZIE ggg? k==
__Wﬂ@__{a%@}
_®§£Etﬁ£giﬂ px1oxorn 228 o %%T@%1XP@N9h
(&) - s o r(€) N
L& 9 s; EBl. ZDFH j B, 980DHBS j ITHD Tg} = £ T
o 6‘?“(5)

bE%%T@épxl@Nth—%%i—EEEINF€®T@%CC§TU

TNB, BB, H(E) BOMFEEnD. 208 | EBONAEEICR dg(ﬁ) 7
AB.

J

15

Jacobian matrix

—%%E\RREQNDFM1§%D%ﬂT@)

A

\ (€)

16




—ARAIC. n RITOARD BIVEZR DB r(€)

5%®”5X9T%%px1@mowbgw%jgﬁgt%&mﬁewﬁggl
J

5nXp®ﬁw®%mmNEE®§vreu<mg% ERUVYIEC PV
(Jacobia matrix) &S,

dr(€
(S

d ra(€)
Ef

vr=2788) {8""*1('5)} | (10)

)

(IRBIC. Jacobian DIFEIEZDINC/INSAS € ZBE T DICsD. Jacobian DH
i f3ICIE (&) D gradient DEBNA D TCNNDCEICED, TRNDH., RNS5—
BZRIRIEN (&) D Jacobian 135 gradient DB TH D, @FDHRIC, r(&) D
Hessian (3 Jacobian MXRECEFZIE

Ho = (V258 (1)

18




MWD METERE chain rule SR DM D

gx1 ORIV y BRE px 1 ORI Rz OREHELT
yi(x)
y=y(@) = | y(x) (12)
yq(m)

ELTRIRTEZDBHEE. ANS—EZHD y OFEY r(y) & v; TREDLIZE
DI

67"()_ dyi 87 )0 yi(x .
dx; — dy1 Jdx; Z dlj (13)

THd. LEHN>T. TNEFEDHT px 1 O gradient OFETRIFINIE

d d "8 ’
50— (%) 2pt=) a4
- / a
SOED

AT ol il UN dyTF;) & ¢ x p M Jacobian 135U, ig(yi) Fgx1®dr(y)
@D gradient THD.
FE. rly) & o ROOBHETNIEZD x ICETD n x p @ Jacobian 17513

dr(y) _0r(y) oy (16)
Jx 51} dx

CEHB, EEL "—% 4 n x ¢ O Jacobian FEITHB,

19
s WH/ \
N EL s
14 ¥UEWMD
f(x) Dz [CETDIMDDE v = a TIHHOLEEDE, REZE, SN A
DIEZRUNT
T , fla+h)— fla—1 )
THBBICROHDCENEEDD, CNEHEMD (numerical differentiation) &
WS, BRIC, f(z) D z; CHTIREODEE « = a THHLEEDE
0 f(a:) ~ f(alaa’2: sy A1, Q4 + hva’j—)—lv s aap) B f(a’17 az,...,ai—1,0; — h‘: Aj+1,-- ':a"p)
l; Ij Tr=a ~ 2h
(18)
Thd.

20




R CEUERM D

JacobianMat <- function( a, f, h=1e-06, ... ){

# Function to calculate the difference-quotient approx Jacobian matrix

# of f(x) at x=a

#

# Args:

# a parameter vector of size p x 1

# f the function which returns a vector of size n x 1
# h eps for difference quotient

# additional parameters to f

#

# Values:

# J n x p Jacobian matrix consisting of
# part d £ / part d x

#

p=length(a)
n=length(f(a, ...))

epsmat=diag(p)*h
J=matrix (0, n, p)
for(j in 1:p)

J[, jl=( f(atepsmat[, jl, ...) - f(a-epsmatl, jl, ...) )/(2%h)

return( J )

} # end of JacobianMat

21

Numerical gradient and Hessian

# objective function

r <- function( x, additional_param ){

# calculation of the function value at x
return( function_value )

}

# gradient vector of r at x

grad <- function( x, additional_param ){

g <- JacobianMat( x, r, additional_param as
return( g )

i Hessian matrix of r at x

Hess <- function( x, additional_param ){

H <- JacobianMat( x, grad, additional_param as
return( H )

# gradient at x=a

a <- the value of x

gradient <- g( a, additional_param )
Hessian <- Hess( a, additional_param )

)

)

22




» AN T —EBZRDZEHEND=EIC

23

LYV =s\
BEEIDEE1L
—HgIC, DHDBEEFE r(&) DIBE RIMEZCIFEKREDCETHDD, AEITIIHIEETD)

Z523INSXE £ DEEHENICKRDDCEZBEBHORBILETSD, Z2OIAEL, @SHD
FIETROE &€ ONEEN'S, r(§) DD I DM d \HDIDE o CIHEIET D,

§iev1) = &(o) + dy) (54)

ENDEDIED B USTET/NSAXAIDBZEFHF LN ENDFEEED. BHR. COBI r(€)
[FBEEURE4L objective function CIEIN D,

HENZBILOTIEICBHERBEDDH DN, ZNOSDEHENS, EHDEOM di ZED
RICUTEDDDICKD., —iRBICEE UTICTRIRDIC, gl€e)) Z r(§) DINSAYDSER
(CRET B —RIRMDFEND B (gradient) Z& & = §() THHBLIZENELT,

9(&w))'d@ <0 (55)

Thnld
"‘"(E(Hl)) < T(E(E)) (56)

EWICT ATV IV X o D'FET D,

s




mEE % steepest descent

REEMREORERBTNEACEENDHETHD, BIEDTHEZE r(€) D gradient g
(gradient) DFIQ

diey = —9w)

[CERDEDTHD. ErZL.

_ar ]
9(&w) = — (57)
(£) JE £:£(£)

(X r(§) D gradient Z £ = £y CIHBUZEDTHD, IEHOHRTE NEDEHINT
§erny = &y — @9(&e)) (58)

THD,

3.1.1 {OBED gradient FHRAZDOH

25

Newton-Raphson (&

r(&) = E(g) DENVDT2ROIBEE T Taylor BETDE
(&) =€) + 9(&w) (€ — &) + 3(& — &) H(Ew)) (€ — Eoy)

2
H({@)) = g;é?|£: ]

26




r(&) = (&) + 9(€w) (&€ —€@) + 56— &) H (&) (€ — &)

LIED ST, BEDOFERLE
O1E) ~ g(€qey) + H(Eqey)(E — €ey) = 0
—(ﬂ— ~ gi{&(e) &) (£)
ErD, Th&h

€=Ew - H(Ew) 9(Ew)

E18%, UENST, Eq.(54) [CBNT

W0=—mefbwm)

27
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OYXRF D0k

1

Pr(Y; = 1|z;) =

1 +exp (—(ax; + B))

= P(zj|a, B) = mi(&)

(66)
EFILDINSAIIZ € = {a, 5)
(fi,r:) 25T CEH-C U T,
E(Rilz;) = fi x P(xi|a, B) = fimi(§) (67)
var (Rilz;) = fimi(€)(1 — mi(§)) (68)
Thd.,
L(§) = f[lfz‘.(ﬁ)y’(l — (€))7 (69)
L(§) = f[lmt(ﬁ)”(l —m(€) (70)
XTI E RS )

T

InL(€) = 3" ylogm(€) + (1 - y)log(1 — m(€))  (71)

i=1

n

InL(g) = Zr.,; log

i=1

mi(&) + (fi — 7)) log(1 — mi(§)) (72)
CNERKICTDLDIC € ZKHD,

30




Gradient & Hessian
gradient (&

Dl _ (ri — fimi(€)) (73)
ol (s~ fim(€) (74)
Hessian 3 )
FinLe) z i a2 (€)1 - mi(€) (75)
LR TR
3”;;; Z i m(€)(1 = mi(8) (")
8
8
e Z} (’“ i e ﬁ))
(e ) @
) Z (wféfum Sk gzég)) o

32




d mi(€) —1

- = x exp(l + exp(—(ax; + 3))

0 A (1 + exp(—(az; + 3)))?
0 = (ax; + B)
JA
= m(&)(1 - m(¢)) x LOFi D

33

RICKDETE

data <- data.frame( x, r, f)

# probability (logistic function with slope and intercept, no 1.7)
P <- function( x, param ){

a=param[1l]; b=param[2]

z=a*x+b

P=1/(1+exp(-2))

return( P )

Y #endof P

# minus log likelihood

mllh <- function( param, data ){
x=data$x; f=datas$f; r=data$r
P=P(x,param)

lIh=sum( r*log(P)+(f-r)*log(1-P) )
return( -llh )

} # end of mllh

34




FEATEV/S gradient & Hessian

# analytic first derivative of mllh
dmlTha <- function( param, data ){

x=data$x; f=data$f; r=data$r & Zh gradient, g
P=P(x,param)

temp=(r-f*p)

dab=c( sum(temp*x),sum(temp) )

cat(".da.") # analytic second derivative matrix
return( -dab ) # of mllh
} # end of dmllha d2m1lhaa <- function( param, data ){

x=data$x; f=data$f; r=data$r
P=P(x,param)

PQ=P* (1-P)
cat(".d2aa.")
Zhat Hessian, H > H=matrix(0,2,2)

H[1,1]=-sum(f*x*x*PQ)
H[1,2]=-sum(f*x*PQ)
H[211]=H[152]
H[2,2]=-sum(f*PQ)
return( -H )
} # end of d2mllhaa

35

HEMDIC KD gradient & Hessian

# probability (logistic function with slope and intercept, no 1.7)
P <- function( X, param ){

a=param[1]; b=param[2]

z=a*X+b

P=1/(1+exp(-2z))

return( P )

} # end of P

# minus log likelihood

mllh <- function( param, data ){
x=data$x; f=data$f; r=data$r
P=P(x,param)
1lh=sum( r*log(P)+(f-r)*log(1-P) )
return( -11h )

} # end of mllh

# numeric first derivative of mllh

dmllhn <- function( param, data ){
# mllh comes from the parent environment
res=c( JacobianMat( param, mllh, data=data ) )
cat(".dn.")
return( res )

} # end of dmllhn

# second derivative matrix using numeric first derivative of mllh
d2mllhnn <- function( param, data ){
# dmllhan and mllh come from the parent environment
res=JacobianMat( param, dmllhn, data=data )
cat(".d2nn.")
return( res )
} # end of d2mllhnn 36




Newton-Raphson function

for( 1111 in 1l:maxiter ){

# gradient and hessian
g=gradient(xp, -...)
H=hessian(xp, ...)

# direction
d=solve(H)%*%g

# update with step-size halving
alpha=1

forC 111 in 1:20 ){
x=xp-alpha*d

fval=f(x, ...)

if( fval < fvalp ) break
alpha=alpha/2

# new function value
fval=f(x, ...)

# check convergence
if( abs(fvalp-fval) <= eps ) break

# update previous values
Xp=X
fvalp=fval

} # end of 1111 Toop

37

FIEDLLER

# nlminb default . ; . ;
resO=niminb( param_init, milh, data=data, control=list(trace=1) ) ~# with numeric gradient and hessian

D e L Cagas res3=nIminb( param_init, m11h, data=data, control=Tlist(trace=1)
2 36.331303: 1.60680 0.386591 , gradient=dm11hn, hessian=d2m1Thnn )

3: 36.113120: 151818 0.234972 ..dn..d2nn. O: 49.294500: 3.00000 -1.00000

i e e ..dn..d2nn. 1: 40.647963: 2.36131 -0.344719

6: 36.097812: 1.46518 0.214235 ..dn..d2nn. 2: 36.225279: 1.60935 0.150543

g gggg;;g; if‘gjgi 8%1%;2‘1‘ ..dn..d2nn. 3: 36.098968: 1.44977 0.216337

' ' o ’ ..dn..d2nn. 4: 36.097797: 1.46420 0.212780
# with analytic gradient ) ..dn..d2nn. 5: 36.097797: 1.46434 0.212762
resl:nlmlnb(_parimflnlt, mllh, data=data, control=list(trace=1) 6: 36.097797: 1.46434 0.212762

, gradient=dmllha )

.da. 0:  49.294500: 3.00000 -1.00000
da. 1:  40.270717: 2.43365 -0.175834
.da. 2: 36.331299: 1.60680 0.386590
da. 3: 36.113121: 1.51818 0.234971
.da. 4: 36.111556: 1.41473 0.224862
da. 5: 36.098074: 1.46310 0.205858
.da. 6: 36.097812: 1.46518 0.214236
da. 7:  36.097797: 1.46435 0.212763
da. 8 36.097797: 1.46434 0.212762 nhalv x1 x2 gl g2 d1 d2 O
° 0 0 3.0000 -1.0000 6.3045 -9.1746 NA NA 49.2945
# with analytic gradlent and hessian 1 1 1.5628 -0.7273 6.3045 -9.1746 2.8743 -0.5455 41.2021
res2=nlminb( param_init, mllh, data=data, control=list(trace=1) 2 0 1.2694 0.1514 -0.2562 -10.6094 0.2934 -0.8787 36.3078
; dz,gr?)dient:gd?glnggesgigggg(z)milr&am)m 3 0 1.4405 0.1828 -2.0706 -0.5555 -0.1710 -0.0314 36.1051
QL ETE LD : 22 T 4 0 1.4634 0.2086 -0.2041 -0.3286 -0.0229 -0.0258 36.0979
.da..d .1 . T2, -0.
e 5 0 1.4643 0.2126 -0.0045 -0.0474 -0.0009 -0.0040 36.0978
da.d2aa. 3:  36.153368: 1.37589 0.152402 6 0 1.4643 0.2128 0.0000 -0.0020 0.0000 -0.0002 36.0978
e A oee 1aeies 0090258 7 0 1.4643 0.2128 0.0000 -0.0001 0.0000 0.0000 36.0978
.da..d2aa. 6: 36.097799: 1.46388 0.212286 8 0 1.4643 0.2128 0.0000 -0.0001 0.0000 0.0000 36.0978
.da..d2aa. 7: 36.097797: 1.46424 0.212685
.da..d2aa. 8: 36.097797: 1.46432 0.212745
.da..d2aa. 9: 36.097797: 1.46433 0.212759
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= http.//www.sfu.ca/ ssurjano/optimization.html
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