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数値例
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関数の最適化
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 とりあえず R でやってみる。
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R の nlminb 関数

 目的関数 を与えるとその関数の最小値を与える母数 を
Newton-Raphson 法で探してくれる。

 引数は

パラメタの初期値ベクトル、目的関数

必要に応じて、
目的関数の補助的パラメタ、gradient、hessian
制御用のパラメタリスト （rel.tol, iter.max, trace 等）

 結果はリスト

 その他の関数： optimize, optim, nlm ,       optimx
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resnlm <- nlminb( param, func )
resnlm <- nlminb( param, func, control=list(trace=1) )
resnlm <- nlminb( param, func, data=data )
resnlm <- nlminb( param, func, gradient=g )
resnlm <- nlminb( param, func, gradient=g, hessian=H )

$par, $objective, $convergence(=0), $iterations



ロジスティク回帰
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R による計算
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# probability (logistic function with slope and intercept, no 1.7)
P <- function( x, param ){
a=param[1]; b=param[2]
z=a*x+b
P=1/(1+exp(-z))
return( P )

} # end of P

# minus log likelihood
mllh <- function( param, data ){
x=data$x; f=data$f; r=data$r
P=P(x,param)
llh=sum( r*log(P)+(f-r)*log(1-P) )
return( -llh )

} # end of mllh

data <- data.frame( x, r, f)

resnlm <- nlminb( c(3, -1), mllh, control=list(trace=1) )

param が に相当する。



ロジスティク回帰の尤度関数
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param=c(3,-1) から始める。

nlminb の経路
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-log likelihood       alpha          beta
0:     49.294500:  3.00000   -1.00000
1:     40.270717:  2.43365   -0.175834
2:     36.331303:  1.60680    0.386591
3:     36.113120:  1.51818    0.234972
4:     36.111554:  1.41473    0.224860
5:     36.098074:  1.46310    0.205857
6:     36.097812:  1.46518    0.214235
7:     36.097797:  1.46435    0.212764
8:     36.097797:  1.46434    0.212761
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-log likelihood       alpha          beta
0:     49.294500:  3.00000   -1.00000
1:     40.270717:  2.43365   -0.175834
2:     36.331303:  1.60680    0.386591
3:     36.113120:  1.51818    0.234972
4:     36.111554:  1.41473    0.224860
5:     36.098074:  1.46310    0.205857
6:     36.097812:  1.46518    0.214235
7:     36.097797:  1.46435    0.212764
8:     36.097797:  1.46434    0.212761

 微分の話, gradient, Hessian, Jacobian
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微分の話
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gradient vector
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Hessian matrix
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Jacobian matrix
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微分の連鎖律 chain rule 合成関数の微分
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数値微分
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R で数値微分
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Numerical gradient and Hessian
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 スカラー値を取る多変数関数の最適化
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関数の最適化
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最急降下法 steepest descent
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Newton-Raphson 法
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33if H is p.d.

 NR 一変数の場合の例
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symbolic_df2
function (x) 
{

.expr1 <- exp(x);     .expr2 <- x^2;     .expr3 <- sin(.expr2); 

.expr4 <- .expr3 + x;     .expr5 <- .expr1/.expr4

.expr6 <- cos(.expr2);     .expr7 <- 2 * x;     .expr9 <- .expr6 * .expr7 + 1

.expr10 <- .expr1 * .expr9;    .expr11 <- .expr4^2;    .expr13 <- .expr5 - .expr10/.expr11

.value <- .expr5

.grad <- array(0, c(length(.value), 1L), list(NULL, c("x")))

.hessian <- array(0, c(length(.value), 1L, 1L), list(NULL, c("x"), c("x")))

.grad[, "x"] <- .expr13

.hessian[, "x", "x"] <- .expr13 - ((.expr10 + 
.expr1 * (.expr6 * 2 - .expr3 * .expr7 * .expr7))/.expr11 -
.expr10 * (2 * (.expr9 * .expr4))/.expr11^2)

attr(.value, "gradient") <- .grad
attr(.value, "hessian") <- .hessian
.value

}





 ロジスティク回帰

39

ロジスティク回帰
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Gradient と Hessian
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導出
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R による計算
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# probability (logistic function with slope and intercept, no 1.7)
P <- function( x, param ){
a=param[1]; b=param[2]
z=a*x+b
P=1/(1+exp(-z))
return( P )

} # end of P

# minus log likelihood
mllh <- function( param, data ){
x=data$x; f=data$f; r=data$r
P=P(x,param)
llh=sum( r*log(P)+(f-r)*log(1-P) )
return( -llh )

} # end of mllh

data <- data.frame( x, r, f)

解析的な gradient と Hessian
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# analytic first derivative of mllh
dmllha <- function( param, data ){
x=data$x; f=data$f; r=data$r
P=P(x,param)
temp=(r-f*P)
dab=c( sum(temp*x),sum(temp) )
cat(".da.")
return( -dab )
} # end of dmllha

# analytic second derivative matrix 
# of mllh
d2mllhaa <- function( param, data ){
x=data$x; f=data$f; r=data$r
P=P(x,param)
PQ=P*(1-P)
cat(".d2aa.")
H=matrix(0,2,2)
H[1,1]=-sum(f*x*x*PQ)
H[1,2]=-sum(f*x*PQ)
H[2,1]=H[1,2]
H[2,2]=-sum(f*PQ)
return( -H )
} # end of d2mllhaa

 これが gradient, g

これが Hessian, H 



数値微分による gradient と Hessian
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Newton-Raphson function
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for( llll in 1:maxiter ){

# gradient and hessian
g=gradient(xp, ...)
H=hessian(xp, ...)

# direction
d=solve(H)%*%g

# update with step-size halving
alpha=1
for( lll in 1:20 ){
x=xp-alpha*d
fval=f(x, ...)
if( fval < fvalp ) break
alpha=alpha/2

}

# new function value
fval=f(x, ...)

# check convergence
if( abs(fvalp-fval) <= eps ) break

# update previous values
xp=x
fvalp=fval

} # end of llll loop



方法の比較
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# nlminb default
res0=nlminb( param_init, mllh, data=data, control=list(trace=1) )

0:     49.294500:  3.00000 -1.00000
1:     40.270717:  2.43365 -0.175834
2:     36.331303:  1.60680 0.386591
3:     36.113120:  1.51818 0.234972
4:     36.111554:  1.41473 0.224860
5:     36.098074:  1.46310 0.205857
6:     36.097812:  1.46518 0.214235
7:     36.097797:  1.46435 0.212764
8:     36.097797:  1.46434 0.212761

# with analytic gradient
res1=nlminb( param_init, mllh, data=data, control=list(trace=1)

, gradient=dmllha )
.da.  0:     49.294500:  3.00000 -1.00000
.da.  1:     40.270717:  2.43365 -0.175834
.da.  2:     36.331299:  1.60680 0.386590
.da.  3:     36.113121:  1.51818 0.234971
.da.  4:     36.111556:  1.41473 0.224862
.da.  5:     36.098074:  1.46310 0.205858
.da.  6:     36.097812:  1.46518 0.214236
.da.  7:     36.097797:  1.46435 0.212763
.da.  8:     36.097797:  1.46434 0.212762  

# with analytic gradient and hessian
res2=nlminb( param_init, mllh, data=data, control=list(trace=1)

, gradient=dmllha, hessian=d2mllhaa )
.da..d2aa.  0:     49.294500:  3.00000 -1.00000
.da..d2aa.  1:     40.321942:  2.33143 -0.312787
.da..d2aa.  2:     37.035600:  1.05938 0.161357
.da..d2aa.  3:     36.153368:  1.37589 0.152402
.da..d2aa.  4:     36.099561:  1.45078 0.199298
.da..d2aa.  5:     36.097856:  1.46157 0.210525
.da..d2aa.  6:     36.097799:  1.46388 0.212286
.da..d2aa.  7:     36.097797:  1.46424 0.212685
.da..d2aa.  8:     36.097797:  1.46432 0.212745
.da..d2aa.  9:     36.097797:  1.46433 0.212759 

# with numeric gradient and hessian
res3=nlminb( param_init, mllh, data=data, control=list(trace=1)

, gradient=dmllhn, hessian=d2mllhnn )
..dn..d2nn.  0:     49.294500:  3.00000 -1.00000
..dn..d2nn.  1:     40.647963:  2.36131 -0.344719
..dn..d2nn.  2:     36.225279:  1.60935 0.150543
..dn..d2nn.  3:     36.098968:  1.44977 0.216337
..dn..d2nn.  4:     36.097797:  1.46420 0.212780
..dn..d2nn.  5:     36.097797:  1.46434 0.212762

6:     36.097797:  1.46434 0.212762 

nhalv     x1      x2      g1       g2      d1      d2    f(x)
0     0 3.0000 -1.0000  6.3045  -9.1746      NA      NA 49.2945
1     1 1.5628 -0.7273  6.3045  -9.1746  2.8743 -0.5455 41.2021
2     0 1.2694  0.1514 -0.2562 -10.6094  0.2934 -0.8787 36.3078
3     0 1.4405  0.1828 -2.0706  -0.5555 -0.1710 -0.0314 36.1051
4     0 1.4634  0.2086 -0.2041  -0.3286 -0.0229 -0.0258 36.0979
5     0 1.4643  0.2126 -0.0045  -0.0474 -0.0009 -0.0040 36.0978
6     0 1.4643  0.2128  0.0000  -0.0020  0.0000 -0.0002 36.0978
7     0 1.4643  0.2128  0.0000  -0.0001  0.0000  0.0000 36.0978
8     0 1.4643  0.2128  0.0000  -0.0001  0.0000  0.0000 36.0978


