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階階階階層層層層的的的的回回回回帰帰帰帰分分分分析析析析ににににつつつついいいいてててて前川眞一大学入試センター　研究開発部
1 モモモモデデデデルルルル

1.1 記記記記号号号号
p = 説明変数の数

m =

b∑

L=1

mL = 総グループ数
b = 総ブロック数

mL = ブロック Lのグループ数
nj = グループ j の観測値数

n =

m∑

j=1

nj = 総観測値数
(yj ,Xj) = 第 j グループのデータ、それぞれ nj × 1, nj × p (1)

1.2 ２２２２層層層層モモモモデデデデルルルル Simple m-group Regression

yj ∼ N(Xjβj , σ
2
jI), j = 1, 2, . . . ,m, indep., (2)

βj
iid
∼ N(γ,Ψ) (3)ベイズ推定における事前分布

γ ∼ N(ξ,Φ) (4)

1.3 ３３３３層層層層モモモモデデデデルルルル
yj ∼ N(Xjβj , σ

2
jI), j = 1, 2, . . . ,m, indep., (5)

βj
iid
∼ N(γL,ΨL), if j ∈ L, (6)

γL
iid
∼ N(ξ,Φ), L = 1, 2, . . . , b (7)ベイズ推定における事前分布

ξ ∼ N(η,Ω) (8)



２層モデルは３層モデルにおいて以下の制約をおいたものと同等となる。
MLF : L = 1, Φ =O, ξ = γ (9)もしくは

MLR : L = 1, Φ
—1

=O (10)

1.4 ままままととととめめめめてててて書書書書くくくくとととと
y|β,σ ∼ N(Xβ,Σy), この密度を f0(y|β,Σy)と呼ぶ (11)

β|γ,Ψ ∼ N(Wγ,C2), この密度を h2(β|γ,C2)と呼ぶ (12)

γ|ξ,Φ ∼ N(Gξ,C3), この密度を h3(γ|ξ,C3)と呼ぶ (13)ただし、
y = y(j)を縦に並べたもの　 n× 1

X = Diag (Xj)Xj をブロック対角に並べたもの　 n×mp

β = βjを縦に並べたもの　mp× 1

γ = γLを縦に並べたもの　 bp× 1

ξ = p× 1

W = Diag (1mL
⊗ Ip), mp× bp

G = 1b × Ip, bp× p

Σy = Diag
(
σ2jInj

)
, n× n

C1 = Diag
(
σ2j(X

′

jXj)
—1)
, mp×mp

C2 = Diag (ImL
⊗ ΨL), mp×mp

C3 = Ib ⊗ Φ, bp× bpデータならびにランダム成分（ベイズではパラメタ） β,γ) の同時分布は
f(y,β,γ|ξ,σ,Ψ,Φ) = f0(y|β,Σy)× h2(β|γ,C2)× h3(γ|ξ,C3) (14)である。これは線形の正規モデルであるから、周辺分布は

y|γ,σ,Ψ ∼ N(XWγ, XC2X
′ +Σy) (15)

y|σ,Ψ, ξ,Φ ∼ N(XWGξ, XWC3W
′X ′ +XC2X

′ +Σy) (16)

(17)であることが分かる。したがって、周辺最尤解を求めることが可能となる。また、ベイズ的には、パラメタの事後分布 h はデータならびにパラメタの同時分布 f に比例すため
h(β,γ|y, ξ,σ,Ψ,Φ) ∝ f(y,β,γ|ξ,σ,Ψ,Φ) (18)

= f0(y|β,Σy)× h2(β|γ,C2)× h3(γ|ξ,C3) (19)である。
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2 尤尤尤尤度度度度関関関関数数数数、、、、ああああるるるるいいいいははははパパパパララララメメメメタタタタのののの事事事事後後後後同同同同時時時時分分分分布布布布上記の y の周辺分布は大きすぎるので、これを β̂ の分布として書き直す。
f0(y|β,Σy) ∝ |Σy|

−
1

2 exp[−
1

2
(y −Xβ)′Σ−1

y (y −Xβ)] (20)

∝ f11(β̂|C1)× f12(β̂|β,C1) (21)ただし、
f11(β̂|C1) ∝

m∏

j

[
(σ2j)

− 1
2nj exp

(
−1
2

RSSj
σ2j

)]
(22)

RSSj = (yj −Xjβ̂j)
′(yj −Xjβ̂j) (23)

β̂j = (X ′

jXj)
—1
X ′

jy(j) (24)

f12(β̂|β,C1) ∝ exp
(
−1
2
(β̂ − β)′C1

—1
(β̂ − β)

)
(25)

β̂ = β̂jを縦に並べたものmp× 1 (26)であるが、f11 の部分には、パラメタ σ のみが含まれ、β は含まれない。したがって、
h(β,γ|β̂, ξ,C1,C2,C3) ∝ f(β̂,β,γ|ξ,C1,C2,C3) (27)

∝ f11(β̂|C1)× f12(β̂|β,C1)× h2(β|γ,C2)× h3(γ|ξ,C3) (28)また、周辺尤度は
f(β̂|ξ,C1,C2,C3) ∝

∫

Γ

∫

β
f(β̂,β,γ|ξ,C1,C2,C3)dβdγ (29)となるが、これを最大とするパラメタ (ξ,C1,C2,C3) の値をもとめる。β̂の周辺分布は

β̂ ∼ N(WGξ,C1 +C2 +WC3W
′) (30)となる。

3 ＥＥＥＥＭＭＭＭアアアアルルルルゴゴゴゴリリリリズズズズムムムムにににによよよよるるるる推推推推定定定定

3.1 E-step: デデデデーーーータタタタとととと分分分分散散散散成成成成分分分分をををを既既既既知知知知ととととししししたたたた場場場場合合合合ののののパパパパララララメメメメタタタタのののの条条条条件件件件付付付付きききき分分分分布布布布
(
β

γ

)
∼ N

((
β∗

γ∗

)
,

[
D(β) Cov (β,γ)

Cov (γ,β) D(γ)

])
(31)

Cov (β,γ) = C1(C1 +C2)
—1
WD(γ) (32)
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3.1.1 C3 をををを用用用用いいいいたたたた表表表表現現現現
D(β) = WC3W

′ +C2 − (WC3W
′ +C2)

(
WC3W

′ +C2 +C1

)—1
(WC3W

′ +C2)(33)

=
(
C1

—1
+
(
C2 +WC3W

′
)—1)—1

(34)

β∗ = WGξ + (WC3W
′ +C2)

(
WC3W

′ +C2 +C1

)—1
(β̂ −WGξ) (35)

= D(β)
(
C1

—1
β̂ + (C2 +WC3W

′)
—1
WGξ

)
(36)

D(γ) = C3 −C3W
′
(
WC3W

′ +C2 +C1

)—1
WC3 (37)

γ∗ = D(γ)W ′(C1 +C2)
—1
β̂ +

(
I −D(γ)W ′(C1 +C2)

—1
W
)
Gξ (38)

3.1.2 C3
—1 をををを用用用用いいいいたたたた表表表表現現現現
D(β) =

(
C1

—1
+C2

—1
−C2

—1
W
(
W ′C2

—1
W +C3

—1)—1
W ′C2

—1)—1
(39)

= U
—1

+U
—1
C2

—1
W∆

—1
W ′C2

—1
U
—1

(40)

where

U = C1
—1

+C2
—1

and ∆ = C3
—1

+W ′(C1 +C2)
—1
W (41)

β∗ = D(β)C1
—1
β̂ + (I −D(β)C1

—1
)WGξ (42)

D(γ) = ∆
—1

=
(
C3

—1
+W ′(C1 +C2)

—1
W
)—1

(43)

γ∗ = D(γ)
(
W ′(C1 +C2)

—1
β̂ +C3

—1
Gξ
)

(44)

3.2 M-step

Note that D(β) is the mp×mp block diagonal matrix consisting of b (mLp×mLp) matrices,

D(γ) is the bp× bp block diagonal matrix consisting of b (p × p) matrices, and ∆ is the (bp× bp)

block diagonal matrix with b (p× p) matrices as diagonal elements.

Since minus twice the log complete data likelihood can be written as

−2 ln(L) = −2 ln[f(β̂,β,γ|ξ,σ2,Ψ,Φ)]

= ln[f1(β̂|β,σ
2)f2(β|γ,C2)f3(γ|ξ,C3)]

=
∑

j

[nj ln(σ
2
j )] +

∑

j

[
RSSj
σ2j

]

+
∑

j

[(β̂j − βj)
′(X′

jXj)(β̂j − βj)/σ
2
j ]

+ ln |C2|+ (β −Wγ)′C−1
2 (β −Wγ) + ln |C3|+ (γ −Gξ)′C−1

3 (γ −Gξ) (45)

its posteror expectation becomes

−2E lnL(π|β̂,π(0)) =
∑

j

nj ln(σ
2
j ) +

∑

j

RSSj
σ2j
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+
∑

j

{(β̂j − β
∗

j )
′(X′

jXj)(β̂j − β
∗

j )/σ
2
j

+tr[(X′

jXj)D(βj)]/σ
2
j}

+ ln |C2|+ (β∗ −Wγ∗)′C−1
2 (β∗ −Wγ∗)

+tr[C−1
2 {D(β)−WCov (β,γ)′ − Cov (β,γ)W′ +WD(γ)W′}]

+ ln |C3|+ (γ∗ −Gξ)′C−1
3 (γ∗ −Gξ)

+tr[C−1
3 D(γ)] (46)

Note that the number of the second and the third term of (4.15) can be written as

RSS∗j = (yj −Xjβ
∗

j )
′(yj −Xjβ

∗

j ) (47)

Using these forms, the updating formulae in the M-step (i. e. the solutions of the equations

obtained from the expected log likelihood conditional on π(0)) may be summarized as

ξ = [
b∑

L=1

γ∗L]/b

= (G′G)−1G′γ∗ (48)

σ2j = [RSS∗j + tr{(X
′

jXj)D(βj)}]/nj (49)

ΨL = [
∑

j∈L

(β∗j − γ
∗

L)(β
∗

j − γ
∗

L)
′ +Qj ]/mL

where,

Qj = D(βj) +D(γL)− Cov
(
βj ,γL

)
− Cov

(
βj ,γL

)′
(50)

and,

Φ = [

b∑

L=1

[(γ∗L − ξ)(γ
∗

L − ξ)
′ +D(γL)]]/b (51)
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4 Extended m-group regression model

4.1 Model

Let us extend the original m-group regression model as follows:

yk = Zkα+Xkβk + F kξk + εk, k = 1, 2, . . . m, (52)

where Zk and α are, respectively, the Nk × p1 regressor matrix and the associated regression

coefficient vector which is assumed to be common to all the m groups, Xk and βk are, respec-

tively, the Nk × p2 regressor matrix and the associated regression coefficient vector which is

assumed to be exchangeable across all the m groups, and F k and ξk are, respectively, the Nk ×

p3 regressor matrix and the associated regression coefficient vectors which is not exchangeable

across groups. The distributional assumptions are the same as before. That is,

εk ∼ N(0,σ2kI), k = 1, 2, . . . m, (53)

and

βk ∼ N(γ,Ψ), k = 1, 2, . . . m. (54)

where the size of the Ψ matrix is now p2 × p2.

This implies that, marginally,

yk ∼ N(Zkα+Xkγ + F kξk, σ2kI +XkΨXk
′), k = 1, 2, . . . ,m. (55)

and yk and yk′ k′ �= k, are independent. Therefore, the marginal likelihood to be maximized

can be written as

� = − 1
2

m∑

k=1

[ ln |Σk|+ (yk −Gkθk)
′Σk

—1
(yk −Gkθk) ], (56)

where

Gk = [Zk, Xk, F k], (57)

and

θk = [α′, βk
′, ξk

′]′. (58)

Note that the definition of the Σk matrix is the same as before.

Collectively, the above model can be written as

y = Zα+Xβ + Fξ + ε, (59)

ε ∼ N(0,Σε), (60)

and

β ∼ N(Wγ,C2), (61)

where

β = [β1
′,β2

′, · · · ,βm
′]′, (62)

ξ = [ξ1
′, ξ2

′, · · · , ξm
′]′, (63)
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Z = [Z1
′, Z2

′, · · · ,Zm
′ ]′, (64)

X = Diag (Xk), (65)

F = Diag (F k), (66)

and

W = 1m ⊗ Ip2 . (67)

Note that the dispersion matrices are the same as the ones in the original m-group regression

model except for the sizes of Ψ and C2 matrices.

Therefore, marginal distribution of y is

y ∼ N(Zα+XWγ + Fξ, Σε +XC2X
′), (68)

4.2 Estimation of parameters via EM algorithm

In our model, the parameters of the model are: σ2k, k = 1, 2, . . . ,m, α, γ,Ψ, and ξk, k = 1, 2, . . . ,m.

In order to estimate the parameters we divide the whole set of parameters into three subsets,

namely, 1)σ2k, k = 1, 2, . . . ,m, γ, and Ψ, 2) α, and 3) ξk, k = 1, 2, . . . ,m, and alternate the

maximization of the marginal log likelihood with respect to each subset.

For the fist subset, by noticing the fact that the conditional distribution of βk given yk is

βk ∼ N(β∗k,Qk), (69)

where

Qk = σ2k(Xk
′Xk + σ

2
kΨ

—1
)
—1

(70)

= σ2k(Xk
′Xk)

—1
(σ2k(Xk

′Xk)
—1

+Ψ)
—1
Ψ (71)

and

β∗k = Qk(
1

σ2k
Xk

′(yk −Zkα− F kξk) +Ψ
—1
γ) (72)

= σ2k(Xk
′Xk)

—1
(σ2k(Xk

′Xk)
—1

+Ψ)
—1
(
1

σ2k
ΨXk

′(yk −Zkα− F kξk) + γ), (73)

we have the following EM steps.

E Step:

Calculate β∗k and Qk above.

M Step:

Update σ2k, γ, and Ψ as

σ2k = (RSS∗k + tr (Xk
′XkQk))/Nk, (74)

where

RSS∗k = (yk −Gkθ
∗

k)
′(yk −Gkθ

∗

k), (75)
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and

θ∗k = [α′, β∗k
′, ξk

′]′, (76)

γ =

m∑

k=1

β∗k/m, (77)

and

Ψ = (

m∑

k=1

β∗kβ
∗

k
′ −mγγ ′ +

m∑

k=1

Qk)/m. (78)

For the second and the third subsets, the weighted least squares solutions are

α = (Z ′(Σε +XC2X
′)
—1
Z)

—1
Z ′(Σε +XC2X

′)
—1
(y −Xγ − Fξ) (79)

and

ξ = (F ′(Σε +XC2X
′)
—1
F )

—1
F ′(Σε +XC2X

′)
—1
(y −Xγ −Zα). (80)

Repeated applications of the EM steps, namely, Eq.(74) through Eq.(80), will maximize the

log marginal likelihood.

*
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Matrix Inversion Formulae

1. (A+B)
—1

= A
—1
(A

—1
+B

—1
)
—1
B
—1

2. (A+B)
—1

= B
—1
(A

—1
+B

—1
)
—1
A
—1

3. (A+B)
—1

= A
—1
−A

—1
(A

—1
+B

—1
)
—1
A
—1

4. (A+B)
—1

= B
—1
−B

—1
(A

—1
+B

—1
)
—1
B
—1

5. (A+B)
—1

= A
—1
−A

—1
B(A+B)

—1

6. (A+B)
—1

= A
—1
− (A+B)

—1
BA

—1

7. (A+B)
—1

= B
—1
−B

—1
A(A+B)

—1

8. (A+B)
—1

= B
—1
− (A+B)

—1
AB

—1

9. (A+BCD)
—1

= A
—1
−A

—1
B(C

—1
+DA

—1
B)

—1
DA

—1

10. (A+BCD)
—1
B = A

—1
B(C

—1
+DA

—1
B)

—1
C
—1

11. D(A+BCD)
—1

= C
—1
(C

—1
+DA

—1
B)

—1
DA

—1

12. D(A+BCD)
—1
B = C

—1
− C

—1
(C

—1
+DA

—1
B)

—1
C
—1

• Formulae 1-4 replace A and B by A
—1

and B
—1
.

• Formulae 5-8 leave (A+B)
—1

as it is.

• Formula 9-12 replace A and C by A
—1

and C
—1
.

• Formulae 1-4 are useful to avoid taking invsrses of each term when calculating something

like (A
—1

+ B
—1
)
—1
. That is, by formula 1 it is equal to A (A+B)

—1
B.

• Formulae 5-8 are useful to simlify something like A (A+B)
—1
.

For example:

A(A+B)
—1

= I −B(A+B)
—1

by formula 5

(A+B)
—1
A = I − (A+B)

—1
B by formula 6

B(A+B)
—1

= I −A(A+B)
—1

by formula 7

(A+B)
—1
B = I − (A+B)

—1
A by formula 8


