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Bayesian Numerical Calculations
(Markov Chain Monte Carlo)

Application of MCMC
7. Model Selection
8. miscellaneous topics
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Gibbs Sampler: general form

~

3 : Gibbs Sampler (p blocks)

1. Initialize Xl(o) = 3:50), Xg]) = :E;U), S ,X;(.U) = .zgj)
2. For t = 0, 1, ... repeat the following steps:
(a) Draw XY = ("D according to
P CEILX0 0 X0 0 — af?)
(b) Draw Xg+l) = :rngl) according to
P (XD | x (0 D) X:gt) _ x:(;t)’. XSO — )y
(c¢) Draw Xéprl) = g:ngl) according to
fXH(X:gtJrl) ‘Xl(t+1) _ x§t+1)’ Xét+1) _ ng,+1)
X e X )
(d) Draw X(Prl) (t+1) according to
Fx (X(f+1)|X(f+1) (f+1) o X(f+1) m(_t+11)
X0, — a0 X0 — (rf) !
7 G120
(e) Draw XIE*“) = g:ngl) according to
fXP(X;t+1)|X(f+1) x§t+1), Xz(t+1) _ ngrl), o
=X;(,t:r11) (z+1))

How to find the Full Conditional Dist.

w (X | X1,X2, ... X1, Xj+1,X+2, ..., Xp)

= Regard the joint pdf as the pdf of Xj given the rest.

= Use : Directional Acyclic Graph




DAG: Directional Acyclic Craph

DAG

= How to draw a DAG.
# circle & random variable

< arrow - dependance No arrow indicates
= Example: (conditional) independence.

¢ B depends on A.

CED—E&D
T — @&

DAG
= B depends on A and C depends on B.

GO— CD—CeD

= A depends on B and C depends on B.

@D —E— @

= B depends on both A and C.

CO— @D —C&D

DAG: Normal with Nat. Conj. Prior

yi |l p.o ~  N(po?)

Hyper Parameters Parameters Data 1 ‘ o - N (n,: i O:))




DAG: Normal with Nat. Conj. Prior

. 2
yi | oo~ N(uo")

Hyper Parameters Parameters Data m | o ~ :\'( v, ia;)
mno

@ o~ X (A
\. yi represents
Normal . .
@ typical observation.
A \
@ Normal i
\} /‘V

Inverted Chi

oy

(ys, . o) = p1(yi|p, a)p2(plo. v, no)ps(o|v, &)

DAG: Normal with Semi Nat. Conj. Prior

Hyper Parameters Parameters Data

@ yilpw o ~ N(yilp,o?)
\ Hoo~ N(f}/lqbQ)

. Normal x@ o~ Xﬁl(V, KZ)

@ Normal N
\» /"

Inverted Chi

/
(i, o) = pryilp, o)p2(ply, ®)ps(olv, x)
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DAG: Regression Model DAG can be used to find the full
conditional distribution of a variable.
\* @A/ yilﬂjajmi 5 N(mgﬁjoj) '@\L QK
) SR gFCage
\ o o~ X (1K) y @/
y ‘ @/, @/
@ p(A,B,C,D,E, FI8.H,I,J,K) = p(K|IJ)p(JI@ H)p(I|Fi@)p(H)pl@ D, E)p(F|D)
‘ ‘ x p(D|A, B, E)p(E|B, C)p(A)p(B)p(C)
@ What is the full conditional distribution of G given the rest?
@ p(@A,B,C,D,E,F,H,I,J,K) x p(J@ H)p(I|FI@p(@D,E) x p@D,E,F HIJ
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DAG can be used to find the full
conditional distribution of a variable.

What is the full conditional distribution of G given the rest?
»|A,B,C,D,E,F,H,I,J,K)— p(R|D,E,F,H,1,J)

Depends on: Parents(D,E), Children(l,J), and Spouses(F,H)
Spouse = Other Parents of the Children
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Markov Blanket

= Given the of a variable, say, G,

G and the remaining variables, (A,B,C,K), are
independent.
p(A,B,C,KG|D,E,F,H,1,J)=

p(@ D,E,F,H.I,J)p(A,B,C.K|D,E,F.H,I..J)

= Therefore,

p(G|A,B,C,D,E,F,H,I,J K)
p(A,B,C,K,G|D,E,F,H,I,J)
p(A,B,C,K|D,E,F,H,1,J)
— p(G‘D,E,F,H,I,J)
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DAG: Normal with Nat. Conj. Prior

Hyper Parameters Parameters Data

yi | u,o ~ N(u,o?)

) Wlo ~ Notd

no
@\@f@ o~ X (nr)

P(Yi, i, @) = p1(yi|p, o)p2(pelo, v, no)ps(o|v, k)
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DAG: Normal with Semi Nat. Conj. Prior

Hyper Parameters Parameters Data

@ yilw, o~ N(yilp,o)
\ po~ N(le?)
Normal A@ o~ X_l(y, :‘62)

@ Normal N
\ /"

Inverted Chi

@ P(yi, o) = p1lys|p, o)p2(uly, ®)ps(olv, k)
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DAG: Regression Model

RE PF
()

(N

4

)
@ ry Iy

| ‘

Yi | ﬂ,O’, Ty ~ N(m;’ﬁaaz)
B ~ N(v,@)

a ~ X_I(V! 52)

O ©- w

Random Coefficient Model

= Suppose that

o data (yk,Xk), k=1,2,...,m, are collected in m classes
of the same school.
e regress yk on Xk for each class as

Y, = X138, + Ep. Ex ~ N(O.o;Iy). k=12..... m

= Assume that the regression coefficients, Bk, are similar
and express this similarity by assuming the same
(prior) distributions for the regression coefficients.

B ~ N.®). k=12..... m

Random Coefficient Model

= M group regression

borrowing strength from the neighbors
Hierarchical Linear Model : HLM

Multilevel Model

Slope as Outcome Model

yp ~ N(XpBy.0fIy,). k=12,....m

2nd stage
By ~ N(v.®). k=12,.... m
o~ _xﬂ(r/wi). k=1,2,....m

3rd stage N~ o~ N(C)
® ~ W 'nT)

Iststage .- x5, + B, B~ NO.62y,) k=1.2....m

h(B,ely) x f(ylB,o)h(Bly, ®)h(e|r, k)

= I fwilBr. o) h(Bylr. @) (ol k)

k=1

19

18
Random Coefficient Model
= marginally:
Y, ~ N (Xpy, Xp®X) +021)

v o~ NEW)

& ~ W 'nT)

o, o~ Xﬂ(u.t;j).kzl.l‘.um

Difficult to generate RV!
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Random Coefficient Model

2nd Stage Hyper Parameters

Hyper Parameters Parameters Data
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Finite Mixture Models

= |If we know the membership:

.l if the i-th obs. belongs class q.
" 0 otherwise.

flyildig =1) = f(yl‘gq) gq ~ h(gq | '7)
- Distribution of the membership
h(d;) Hpi h(p) x Hpgq—l

= Since we do not know the membershlp, marginally:

f(yr E) = Zf(yz«dz‘g)

Q2 @

= S Gwley) o)™ dig is a

g=1¢g=1

Q
= Y fuile) g
q=1
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Finite Mixture Models

= Univariate Normal Mixtures

Y; | dig ~ N(ﬂm(’g)
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Finite Mixture Models
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t-distributed errors in regression

Errors are distributed as t distribution.

4

Y o= Z‘TU 5; +e;

=1

P /
= z/B+e;, e; ~ t(r,0,k%), i=1.2,... N, #d var (e;) = —k

y ~t (v, &8, &%), i=1,2,...,N, iid

1. .y
L(3(v+1) _1 —3041)

/ 1 1 a2
F(%) v 2k (l+m(l}z :Ef]))

N
flBm) o I
=1

N N —1 (v+1)

D(iv+1) 1 _, . 1 A
= - . Tk —(y; —
( (L) v 2K ) ;E[l (l + Vh_g(% z,3) )

No conjugate priors!

t-distributed errors in regression

Alternative formulation of t-errors
If

vilo:  ~  N(ziB,07)

—1
o; ~ x (vuk?), iid
or
yiloi, k>~ N(@iB,o7k’)

o~ X (), iid
then , marginally:
Yi ~ t(u,mé,@, F‘:Q)

ciis a
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t-distributed error in regression Probit Model
= categorical criterion variable: y
/' 80 F(wlp(@)) = pla) (1~ pla)
, Pr(Y = ll2) = p(a)
@ = model for the probability:
@ s=a'Bte, e~ N0, 2~ N(@'B,0?)
\ * pl@) =Pr(Z >0) Pr (fo/ﬁ > —m;ﬁ>
—N 2B o xB
A () = 1-3(-=5)=3(=-)




Probit Model

= likelihood

fylB, o) =

[Tote" (- pla)

N

1

[[2@p)¥ (1 - 2(i8) *

=1

No conjugate priors!

Treat z as the
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Probit Model
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Hierarchical Model
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Leftovers

= model comparison
+ M1: y=XB+e, e~N(0,62)
M2: y=Xp+e, e~t(0,v,c2)
# posterior odds of models, Bayes Factor, etc
= What is Markov Chain?
+ Sequence of random numbers, X1,X2,...,
in which f(Xi | X1,X2,...,Xi-1) = f(Xi | Xi-1) .
= What do we do when the full-conditional distribution
cannot be identified and therefore we are unable to
generate random numbers from it?

+ Use Metropolis-Hastings method which is
another form of MCMC algorithm.
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Leftovers Exam Topics

= multivariate analysis = Outline the general procedure for the Bayesian
+ multivariate regression, analysis of variance mfirencedusmg the following keywords.
- + keywords:
Selentyaniable .models model, parameters, model distribution,
+ factor analysis subjective probability, prior distribution, likelihood,
+ item response theory posterior distribution, posterior mean,

posterior standard deviation, natural conjugate prior,
semi-natural conjugate prior, Monte Carlo method,

comparison with the classical statistics

= how to assess prior distribution Markov Chain Monte Carlo, gibbs sampler, DAG,
= Bayesian decision theory etc etc...
= etc etc

= What do you think about the Bayesian statistics?

= Due on Aug. 16, in pdf format, by e-mail
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