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Numerical Evaluation of Post.Dist.

= Calculation of posterior mean, var etc by
numerical integration.

Simplest method is the Grid Method.

Grid Method

= When the kernel of the posterior pdf is known:
f(a) = x g(x)
use the grid
T(1), T(2)s--- 5 T(n)
to approximate the probability at each grid point by

. 1
[ (@y)) = 59(%‘))

Normalized so that the sum
where is equal to unity. = probability

d=>Y g(zy)
j=1




Grid Method

= posterior mean
E(x) ~ Z ri) " (X))
= posterior rjnean of any function
E(h(x)) ~ Y hlz)f (x(;)
j

= Examples: posterior variance
h(z) = (z — £(x))?

sum of value x prob

Grid Method

= Example: Be(4,6)
exact mean = 0.4 and exact variance = 0.0218

grid: n=10 T(1) = 0.05, Ty = 0.15,... s L(10) = 0.95

post pdf kernel: g(z) = 1000 x z* (1 — )" *

1 2 3 4 5 6 7 8 9 10 &5t

T(5) 0.05 0.15  0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95
g(zy) 0097 1.498 3.708 4.975 4.586 3.070 1.442 0.412 0.047 0.000 19.834

f*(xyy) 0.005 0.076 0.187 0.251 0.231 0.155 0.073 0.021 0.002 0.000 1

Grid Method
= Example: Be(4,6)

exact mean = 04 and exact variance = 9.0218

1 2 3 4 5 6

7 8 9 10 =F

T(5) 0.05 0.15 0.25 0.35 0.45 0.55
g(x)) 0.097 1498 3.708 4.975 4.586 3.070
f*(xz¢y) 0.005 0.076 0.187 0.251 0.231 0.155

0.65 075 085 095

1.442  0.412  0.047 0.000 19.834

0.073  0.021  0.002  0.000
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Grid Method

= Multivariate posterior pdf

flry,ao, .. xp) =cx gy, xa,...,xp)

grid: Ny X ne X ... XNy

Tigy (i = 1,200 nyi=1,2,...,p)
prob:

FH @1,y (e -

9(T1(1)5 T2(52) s+ Tpiy)

np

ni
d = Z Z R Z g(ﬂjl(_jl)a'rQ(jz)?' v "Tp(jp))
=1

1j2=1  jp=1 ,
Normalized so that the sum
is equal to unity. > probability




Grid Method

= Posterior expectation of function h:

ny no Np

E(h(w)) ~ DN > h(@ig) (@16, T200) -+ (i)

jl jQ jp

ne N2 ny

S(h(wl, o, ... ,.I'p)) ~ Z Z .. Z h(ajl(jl): 1'2(]'2)1 e awn(jn))

jl j2 j‘p

X M (Z1Gy) s o) Tpsy))

Grid Method

= effective area where pdf >0

(2)"

, ¥

V]L = mn n
50(5)

- oE 2 3 1 6 8 10
circle 2 3.14 4.19 4.93 517 4.06 2.55
cube 2 4 8 16 64 256 1024

ratio 100% 78.5% 52.4% 30.8% 8.07% 1.59% 0.25%
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Numerical Evaluation of Post.Dist.

s Posterior Simulation: Monte Carlo Method

Generate many random numbers from
the posterior distribution and calculate
sample statistics such as mean, std, etc

to evaluate the properties of the posterior
distribution.

Can be used when the posterior distribution
cannot be identified with a known distribution.

1"

Monte Carlo Method

= Posterior Simulation: Monte Carlo Method

Let
X® (+=0,1,2,... ,N)
be a set of iid random variables from pdf f:

iid = identically and independently distributed

Then, L W
_ PR
E(X) >~ X = NE:X“) 'r'ar'(X}ZNE (x'- X2
t=1

t=1

| N
Eh(X)) = / h(x)f(x)de = lim NZJL(XU))
=1

JX N —o00
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Numerical Evaluation of Post.Dist.
= Example: mean of N(50,10)

Three sequences of the means up to N-th obs.

55
|

Mean
50

T T T
0 500 1000 1500 N
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Monte Carlo Method

= Multivariate posterior pdf

flrr,xo, ... xp)
Monte Carlo Sample
N 1 2) (2 2 N) (N N
('7’:(1 ),.’I,‘é ) ,II?I(,)), (:1:(1 ),:1:5 ). ,:I:L )), (:1::(l ),.’I,'é ). ,:I:L ))

X" is from the marginal distribution.
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Monte Carlo Method

= Monte Carlo Method can be used whenever
we can generate random variables from the
posterior distribution.

= Recent statistical packages and computer

languages have random number generators from
distributions.

= However, if the posterior distribution is identified
with the known distribution, there are no need to
use Monte Carlo method.

= Therefore, Monte Carlo method is only useful when
the posterior distribution is of the standard form.

= What should we do, then?
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Normal Model with Semi Natural Conjugate Prior

= prior
woo~ N(’Y(‘r@é)
-1, .
o ~ x (kg,w)

h(p, o) = h(p)h(o)

X 1 exp *L(H — 7)) xo T exp —h—é
% 264 207

= posterior
h(p,oly) o f(ylp,o)h(p, o)

1 (RSS, +#3 NHw-9> N 1 100° + N&3g \*
x exp|—3 R (L.
2 o o* + N¢jg o o5t 0% + Ny
% O_—N'—Vg—l(bal

cannot be identified.
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Normal Model with Semi Natural Conjugate Prior

= full conditional posterior
N1 ( s Nong]

hip,loy) cexp | —=(— + — - —
(p-lo. ) ! [ 2(02 + o o2 + N¢p?
‘ M ( L Z\'_) 1
poy o~ / -7 T =Y/,
g \d . o) Et
(V)1 5 e 1 (RSS, + N(u—9)* + Kj
2 o2
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Markov Chain Monte Carlo: MCMC

= Metropolis-Hastings
= Gibbs Sampler
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