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Outline

1. Introduction to Bayes Theorem       

2. Binomial Model and Poisson Model

3. Normal Model

4. Normal Regression Model

5. Bayesian Numerical Calculations 
(Markov Chain Monte Carlo) 

6. Application of MCMC

7. Model Selection

8. miscellaneous topics
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Bayesian Inference

� Specify the likelihood (joint pdf of data)

� Express your prior belief on the model parameter

as the prior distribution. (prior pdf)

� Update your prior belief on the model parameter by 

combining the prior pdf and the likelihood.

θ is called the parameter of the model.
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Posterior Distribution

� Normal

� Beta
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Posterior Distribution

� Posterior distribution of θ, h(θ|y), contains 
all the information about θ obtained from 
the observed data y.

� We can calculate the following:

� posterior probability
Pr(θ1 < θ < θ2 |y)   � credibility interval

hypothesis testing

� How close is the given value, θ1, to the center
of the posterior distribution?

Pr( h( θ θ θ θ |y) > h(θ1 |y))     � Highest Posterior 
Density Region
HPDR or HDR

hypothesis testing
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Example

� Ten tosses of a coin:

H T H H T H H H H T    N=10, y=7

� Prior: B(2,3)

� Posterior: B(9,6) = B(2+7, 3+10-7)

likelihoodposterior

prior

prior     posterior

mean     0.40     0.60

mode     0.33     0.62

std         0.20     0.12

Posterior var(std) is

smaller than prior var.
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Normal Model (var. known) example

� data and prior

� post mean and std

mean = std =

prior

posterior

likelihood
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HPDR or HDR

� How close is the given value, θ1, to the center

(mode) of the posterior distribution?

Think of the density h( θ θ θ θ |y) as a random variable
and calculate 

Pr( h( θ θ θ θ |y) > h(θ1 |y) ) = α.
Small α indicates closeness.

θ1θ2

mode

When h is t,

F distribution

shortest-length

interval of 

the size  1 - α
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HPDR or HDR

� Bivariate case:

How plausible is the value (5.50, 0.25)?  

shortest-area

region of 

the size  1 - α
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Comparison of Two Proportions

� Distribution of the difference of two independent 

beta random variables 

π1~Be(α1,β1),     π2~Be(α2,β2), 

For example, we would like to calculate

Pr(π1 > π2 | y) = Pr(π1-π2 > 0 | y).

Let d=π1-π2 and d2=π2  and use convolusion.

change of variable technique
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Comparison of Two Proportions

� Example:

π1~Be(α1,β1),     π2~Be(α2,β2),      α1=6, β1=3,  α2=3, β2=5
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Comparison of Two Proportions

� Numerical evaluation: Monte Carlo integration

In order to calculate Pr(π1 > π2 | y),

Generate many pairs of random variables:

Π1~Be(α1,β1),     Π2~Be(α2,β2).

For each pair, calculate the difference

D = Π1  - Π2

Calculate the proportion of D > 0.

More generally, calculate the frequency distribution of D.

p

Dp

Table of Dp:  Pr(D < Dp) = p Dp percentiles
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Comparison of Two Proportions

Table of Dp:  Pr(D < Dp) = p

0

p

Dp
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Comparison of Two Normal Means

� Distribution of the difference of two independent 

Normal random variables (variance known)

Pr(µ1-µ2 > 0 | y)      Normal Distribution

� Distribution of the difference of two independent 

t random variables (variance unknown)

Pr(µ1-µ2 > 0 | y)      Behrens-Fisher Distribution
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Comparison of Two Normal Means

� Numerical evaluation by Monte Carlo method

Example:

data posterior t hyper params

Table of Dp:  Pr(D < Dp) = p
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Hypothesis Testing

� testing hypotheses such as

H1: µ1=µ2 v.s.  H2: µ1 ^= µ2

Derive the posterior distribution of µ1-µ2

and calculate the probability such as 

Pr(µ1-µ2 > 0 | y) .

Calculate the HDR which just contains 0 and

check if  α is small enough.

Bayes Factor, BIC, DIC etc
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Normal Regression Model

� model

The observation y depends on the regressor

variables X which are treated as known constant.

In matrix notation:
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Normal Regression Model

� normal model

� likelihood

ANOVA decomposition
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ANOVA decomposition

scalar

vector

 does not contain µ.

 does not contain β.

 LS or ML.

 LS or ML.
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Normal Regression Model

� likelihood ( joint pdf of y as a function of         )

� natural conjugate prior for 
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Normal Regression Model

� joint posterior pdf of

completion of square: sum of two QFs
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Sum of Two Quadratic Forms

where

where

scalar

vector

sum of two

quad forms
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Normal Regression Model

� joint posterior pdf of

where
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Normal Regression Model

� joint posterior distribution of 

� marginal posterior distribution of

non-informative prior
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Normal Regression Model

� predictive distribution
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Normal Regression Model

� univariate Normal model as a submodel
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Normal Regression: Example

y  :  IQ   (100,15)

X0: intercept

X1: brain size (pixel)

X2: body weight (Lb)

X3: gender

N=19, q=4

IQ           Brain Size         Weight   Gender  

IQ and the Brain Size

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

X0

0

0

1

0

0

1

0

1

1

0

0

1

0

1

1

0

0

1

1

mean

β0 int

β1 b.s.

β2 b.w.

β3 gend
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Normal Regression: Example

� non-informative analysis

How close is (0,0) to the mode?

X1

X3

HDR by F

β0 int

β1 b.s.

β2 b.w.

β3 gend
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One Way Analysis of Variance
comparison of means

� q = 2 groups, independent observations

common error variance
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One Way Analysis of Variance
comparison of means

� prior

� posterior
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One Way Analysis of Variance
comparison of means

� linear contrast

non-informative prior

HDR by F
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Two Way Analysis of Variance

� additive model

k-th observation at the cell i-j

zero-sum constraints

cell means
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Two Way Analysis of Variance

� parameters in terms of the cell means

factor

factor

means

means
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Two Way Analysis of Variance

� parameters in terms of the cell means
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Two Way ANOVA: Design Matrix
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Two Way ANOVA

� posterior distribution
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Two Way ANOVA: non-informative

HDR by Fposterior distribution


