Introduction to
Bayesian Statistics

Shin-ichi Mayekawa

mayekawa@hum.titech.ac.jp
www.ms.hum.titech.ac.jp

Outline

Introduction to Bayes Theorem
Binomial Model and Poisson Model
Normal Model

Normal Regression Model

Bayesian Numerical Calculations
(Markov Chain Monte Carlo)

Application of MCMC
7. Model Selection
8. miscellaneous topics

G155 R

2

Bayesian Inference
= Specify the likelihood (joint pdf of data)

f(y|9) 0 is called the parameter of the model.

= Express your prior belief on the model parameter
as the prior distribution. (prior pdf)

h(0)

= Update your prior belief on the model parameter by
combining the prior pdf and the likelihood.

1
bW = T amm@a O

< f(ylo)hn(8)

Posterior Distribution

= Normal

H N~ —L(7 1 T 2 . QQ
~ Ny L, — N + 1, k5 + s1 + RSS,
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Posterior Distribution

= Posterior distribution of 6, h(6]y), contains
all the information about 6 obtained from
the observed data y.
= We can calculate the following:
+ posterior probability
Pr(01<0<02]y) >
hypothesis testing
= How close is the given value, 01, to the center
of the posterior distribution?
Pr(h(© |y) > h(01]y)) - Highest Posterior
ensity Region

Example

= Ten tosses of a coin:
HTHHTHHHHT N=10, y=7

= Prior: B(2,3)
= Posterior: B(9,6) = B(2+7, 3+10-7)
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= How close is the given value, 01, to the center
(mode) of the posterior distribution?

Think of the density h( O |y) as a random variable
and calculate

Pr(h(0 ly)>h(61]y)) =
Small « indicates closeness.

When his t,
distribution

shortest-length
interval of
the size 1 -

000 002 004 006 008 010

0 5 10 15 20 25 30
[}




HPDR or HDR

= Bivariate case:
How plausible is the value (5.50, 0.25)7?

X9
o 4
S
(o]
COA -
o
[To]
© O 4
£ S shortest-area
o .
@ region of
& - the size 1-
o
©
=

530 535 540 545 550 555 560
mu

Comparison of Two Proportions

= Distribution of the difference of two independent
beta random variables
Tt1~Be(a1,B1), TT2~Be(a2,p2),
For example, we would like to calculate
Pr(n1 > 2| y) = Pr(n1-m2 >0 y).

Let d=n1-mt2 and d2=n2 and use

h(d|ny, 1, n9, x2) change of variable technique

= / ha(d+ ma|ny, 1) ha(ma|ng, x2)dms
11>

f_ld hq ((] + 7T2‘f11..’771)]?,2(71'2‘”2,.’112)(].77'2 if —1<d<0
jé)l_d ha(d + malng, x1)ha(ma|ng, wo)dme if0 <d<1
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Comparison of Two Proportions Comparison of Two Proportions
= Example: = Numerical evaluation: integration
T1~Be(a1,p1), T2~Be(az,f2),  ai=6, P1=3, 0:2=3, f2=5 In order to calculate Pr(nt1 > m2| y),
h(d|ny, z1,n2, x2) . . )
Generate many pairs of random variables:
E(d+1)Y (d(d(5d(3d — 14) + 116) — 70) + 15) if —1<d<0 IT1~Be(a1,p1), II2~Be(a2,B2).
=9 “gld - D+ 1)(dd(d(d(d(d(5d(3d + 28)+ For each pair, calculate the difference
576) + 1344) + 1856) + 1344) 1 576) | 140) + 15) if0<d <1
D=1II-1I2
Calculate the proportion of D > 0.
Pr(m > mofn, 21,02, 22) = Pr(d > Olna, 21, mz, @2) = More generally, calculate the frequency distribution of D.
-1 < Y
= / h(d|ny,z1,n2,22)dd = ﬁ ~ 0.900 Table of Dp: Dp percentiles
0 42‘) p 0.025 0.05 0.10 0.20 0.25 0.50 0.75 0.80 0.90 0.95 0975
Dp -0.162  -0.088 -.000 0.104 0.144 0.302 0.500 0.484 0.571 0.636 0.688
11 12




Comparison of Two Proportions
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Table of Dp: Pr(D <Dp)=p

p 0.025 0.05 0.10  0.20 0.25 0.50 0.75 0.80 0.90 0.95  0.975
Dp -0.162  -0.088 -.000 0.104 0.144 0.302 0.500 0.484 0.571 0.636 0.688
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Comparison of Two Normal Means

= Distribution of the difference of two independent
Normal random variables (variance known)

Pr(ui-u2>0|y) | € Normal Distribution

= Distribution of the difference of two independent
t random variables (variance unknown)

Pr(ui-u2>0|y) | € Behrens-Fisher Distribution
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Comparison of Two Normal Means

= Numerical evaluation by Monte Carlo method
Example:
data posterior t hyper params
ny = 20,77 = 50, 5% = 11.4, 71 = 00,71 =19, kT = 0.6,

ny = 12,75 = bb, S5 = 36.667 vy =55, = 11,k = 3.333

1500
J
1

1000
L

Table of Dp: Pr(D <Dp)=p

0.025 0.05 0.10 0.20 0.25 0.50
-9.310 -8.536  -7.696 -6.745 -6.391 -4.998

500
L

0.50 0.75 0.80 0.90 0.95 0.975
-4.998  -3.604 -3.250 -2.285 -1.453 -0.682
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Hypothesis Testing

= testing hypotheses such as

H1: pi=p2  v.s. H2: p1 /=2

Derive the posterior distribution of p1-p2
and calculate the probability such as

Pr(ni-pz>o0]y).

Calculate the which just contains 0 and
check if a is small enough.

, BIC, DIC etc

16




Normal Regression Model

Normal Regression Model
= model = normal model
The observation y depends on the regressor ‘ 1 (g: — S0 i 0;)°
variables X which are treated as known constant. flyilB,o?) = Tooos O ( Y )
q . .
v = Zflfij/gj + e;, e;i ~ N(0,0?) = likelihood
j=1 o (i — 271 i B4)°
q g=1"%
yi ~ N aijf3,0%) fip.o 11:[1 Ner= i ( 202 )
J=1 N
1 ‘
In matrix notation: x (\/ﬁ) exp (—5(y — XB)'(y — XB)/0?)
, ) ANOVA decomposition
y—=XpB+e, e~ MVN(0,0°I) _ _ _ _
(y—XB)(y—XB) = (B-B) (X'X)(B-P)+ (- XB)(y—XP)
B = (X'X) X'y Rsss = (B-B) (X'X) (8- B)
17 Rss, = (y— XB)’(y ~ Xp) 18
ANOVA decomposition Normal Regression Model
= likelihood ( joint pdf of y as a function of (3.+))
scalar v o?) = ( ! )N exp (L Rssg + Rss, )
Zu 1 = N(u-7)?® + RSS, J(ylB. %) Vorog? = 202( Bt v)
B B R L (Resy 4 Bss,)
V=N Zu < LS or ML. (E) (o2) GXP( 552 \ft5sp 58y )
RSS, = i(y -9)? € x o Nexp (% [(ﬁ — ,@)’ (X X) (B— a) + Rssy])
vector = natural conjugate prior for (3.0)
(y - XB)(y - XB) = (B-B)(X'X)(B-B)+(y— XP)(y  XP) ( 3 ) o MV N (g, B0, 0. )
B = (X'X) 'X'y & LS or ML. d
Rss, = -~ XB)(y - XB3 < - ;
y v oy g hB,o) ox a7 exp {2— ((ﬁ ~0)'®o 1(ﬁ ~Yo) + hé)}
20

Rsss — (B-B) (X'X)(B-B)
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Normal Regression Model

= joint posterior pdf of (8.0)
h(B,oly) = flylB,o)h(B,0)
1
202

= o N exp {

((ﬁ ~B) (X'X)(B-B)+ Ry)}

202

x g 0P exp {L ((5 - 7())/‘1)071(5 ~Yo) + hé)}

= exp {*# <(5 - 3)l (XIX) (B - B) + (8 — 7())/‘1)()71(ﬂ — o) + Rssy + “‘(2))}

U—N—J/g—‘]—l

X completion of square: sum of two QFs

X exp [% ((ﬁ . B)’ (X'X | @ ) (ﬁ - fi)

+(B -7 ((X’X)il + ‘I’())71 (B —Yo) + Rssy + hé)}

Sum of Two Quadratic Forms

: b\* b2 - dac
scalar az® +br +c a (.r + _’> _ LT
2a da

vector ' Ax — 2 x (z—d)A(x—d)— b Ab
where d—A'b

sum of two (Jf—l’l}’Wl(QIT—’L’l}—F(213—?.,’2){W2[213—’Uz}

quad forms _, i
(x—z) (Wi +W,)(x—x)

(v — v) W (W + Wy) ' Wy(v, — vy)
(x—2) (W, +W,)(z—2)

| _ _1y—1 .
—.—(Ul_vz)!(Wll‘.‘Wzl) (1’1—1’2)

where
x g Novord T (Wi+Wa) ' (Wavs+ Wivp)
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Normal Regression Model Normal Regression Model
= joint posterior pdf of (3.0) = joint posterior distribution of (3.0)
B, a'y)l . N . B ( p ) ~ Ny ! (N+ 1, B (X'X + ‘P()il)il.Rssy + K3+ s1>
exp {2 5 ((ﬁﬁ) (X'X + ¥ )(ﬁﬁ)ﬂLb‘lJrRssvafig)} g . _ o .
L g o1 = marginal posterior distribution of (3,0)
x g T4
—~ 2 G .2 3 1
where 1 By ~ MVEN + v, B, R,s.s@j,v++h£+ $1 (X'X | &, 1) 1)
~ , N 1 o 0
B = (X X + Py ) (‘I)() ’Yot X Xﬁ) oy ~ Xﬁl(N vy, Rssy + Hé +s1)
51 = (B*'Y()), ((X/X)ﬂ*'i’o) (B*’Yo) ‘ .
R el non-informative prior 1y = —q, x5 =0, ¥ = O
= (B—v)X'X (XIX + @ ) @, (8- )
( f ) ~ Ny ! (N o, BU(X'X + ® ) L Rssy +R2 31>
24
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Normal Regression Model

= predictive distribution
dw) = [ H@8.00h(B.oly)dsd
f(@ly) f ]% £(518.0)h(B, oly)dBdo

_ /] f(@B,0)h(Blo, y)h(c|y)dBdo
0o J oo

Normal Regression Model

= univariate Normal model as a submodel

X —- 1 Yo — 70
1
8 — pu ey > —
no

R LN
B = ﬁzyi,*y

i=1
2
g~ MVt Xv,, (X8, X'+ 1)) 3 1 1 N
AV1s L 1 B = ——(¢ v+ Ny) = ——(noyw + N7)
" 1 1
N + ¢ N + nyg
.2 1 . 1 .
K . _ i B 2 . — | 2
7~ I P 51 (¥ —70) — )
y~tr, vy, —(zexz+1 L,y L1
( 1 1’/1( )) ]V+g) N+ng
N
Rss, = g (y; —7)*
S8y Yi
i=1
25 26
- -
Normal Regression: Example Normal Regression: Example
Willerman et al. (1991)] 1Q and the Brain Size | . . :
0 ‘ oo et Gord = non-informative analysis
rain oSize el ender i
) - — g“( —0 0.027 19 1694 2045 10 Boint
9¢ 92.879¢ ]
1 0 . - 2 0 - 0.742 , 1694 151843 264719 849 B = P1bs.
92 85.425 75 N=19 q=4 6] i ., XX i e o . BZ b.w.
1 o 00:4858 131 s 1 , 0.131 2045 264719 468755 1380
1 96 87.8807 6z 0 8.442 10 849 1380 10 B3 gend
1 83 86.5363 135 z 0 y : 1Q (100,15)
1 i:i? ;’(1';3?: ii: i (1) Xo: intercept 0.027 917.595 —9.079 —0.345 —99.379
1 " 8,008 150 = 1 X1: brain size (pixel) " 0.742 o —9.079 0119 —0.012  0.638
1 97 90.5940 186 2 1 X2: body weight (Lb) 0131 | —0.345  —-0.012 0.009  0.198
1 91 83.1772 114 z 8 X3: gender 8.442 —99.379 0.638 0.198 22.427
85 79.8612 140
1 103 106.2462 187 £ 1 o
1 7 79.3549 we 7 0 , X3 How close is (0,0) to the mode?
1 103 99.7925 192 s 1 BO int o
1 90 87.9987 181 8 1 1b.s. X
1 83 83.4344 143 z 0 B = B @] by
1 88 89.3983 139 zZ 0 Bz bW % o
1 81 93.0016 148 £ 1 3 gen
1 89 93.5863 179 s 1 B g 1
[mean] 909 89.15 155.0 9
0o 05 10 15 X1
27 beta_brainsize 28




One Way Analysis of Variance
comparison of means

= g = 2 groups, independent observations

One Way Analysis of Variance
comparison of means

n prior MVNx (4. ®o, 10, K5)

T "1 0] = posterior e
Y21 1 Bly ~ MVt (N Vg, By LT iy «1>01)1)
' N+ v
' ' ) N0
1 1 0 , X'X =
y— AR G [ 0 Nz}
Y12 0 1 M2 —
Y22 0 1 B - (X'X) X'y — (;_:)
. 2 N;
‘ Rss, = ~XB)(y— XB) — vij —T5)°
L Yn.2 | i 0 1 | e ~ j‘ifVN(U,O'zI) SSy (y B) (y B) ;;(UJ 77)
_ N1 _ _
common error variance 8 = (X’X + @ 1) (tI>0 170 + X’XB)
S1 = (é —70) ((X’X)il + ‘1’0)71 (é — o)
29 30
One Way Analysis of Variance Two Way Analysis of Variance
comparison or means
. = additive model
= linear contrast
Ykij k-th observation at the cell i-j
o (1 _ , ‘
d=p—p2 =a'pB a’'=(1-1) Yki; = p+ @ + B + aBi; + erij, ey ~ N(0,07)
~ Rss. 24 1 —
dy ~t N+ vy, aB, it +,h“ + sla’(X’X + ®, 1) a cell means
N1+ No+t 1 _ .
By " — O k2 —0. v — 2 Eynis) = pot it B+ afy
non-informative prior 0 R0 = U o= zero-sum constraints
Rss, 1 1 A "B
lly ~t|( N No —2.97 — o, ————— | — + — - & Ja—
dly ( 1+ Vg U1 — U2 NN, 2 (Nl + N2>) Za,, 0, Zﬂj 0 na—1 | nel
i—1 =1 ap, = Z o and Bny = Z B,
i=1 j=1
b na np
y Zoaﬁij = Z()cﬁ,:j =0
i=1 j=1
31 32




Two Way Analysis of Variance

= parameters in terms of the cell means

factor B
1 J np  |means
1 H11 M1 Hing .
factorA i i1 Min L.
na Hna1 M 4 5 Hnang Hn 4.
means| (.1 K. g Honpg H

Two Way Analysis of Variance

= parameters in terms of the cell means

t

(0%}

Bi

O‘ﬁi.j

M.

M5

na ng

= 22D i |

nanp = —

= Hi— M
—

— (p+a; +35)

= Hj
= My

nB

J,J

rL1

’[1
114 4

33 34
: ign Matri Two Way ANOVA
Two Way ANOVA: Design Matrix wo Way
Y nooo 3 35 ab; B 1 . . . .
T o 1 = posterior distribution
Y211 1 1 1 0 1 0
. . . . . . naA np
: : : : : T _ N. .
YNai11 11 1 0 1 0 N = Z Z Nij
Y112 1 1 0 1 0 1 i=1 j=1
Y212 1 1 0 1 0 1 nA np N, .
: : o : : . - 2
Yooz 11 0 1 0 1 Rssy = (y-— Xﬁ (y — X’B ZZZ (Ykij — Tij)
Y113 T 1 -1 -1 -1 -1 =1 j=1k=1
Yo13 1 1 -1 -1 —1 -1 H
: : P : : o na npg
5
Y= ynais X={1 1 -1 -1 -1 -1 B= | f; | ﬁ o 2 : 2 :JU
Y121 1 -1 1 0 -1 0 a3 ”4”B
Yoo 1 -1 1 0 -1 0 \M“) =1 j=1
. . . . . X 12
Ynmat 1 -1 1 0 -1 o0 x { 1.X0. X5 Xos Q= Y Y.
Y122 1 -1 0 1 0 -1 ~ _ _
Yoo 1 -1 0 1 0o -1 /dj = Y.
Y2 1 -1 0 1 0 -1 abiy = Uiy — (Y. vtai+085) = Uiy — Ui —Y;+y
Y123 1 -1 -1 -1 1 1
Y23 1 -1 -1 -1 1 1
YNa323 1 -1 -1 -1 1 1 1 35 36




Two Way ANOVA: non-informative

—1.—1
C = (X'X+® )
2 JRTE ey
€ (X'X) X'y
2 R B v
B @ C Cp, v C, Copg Caas 0 (X:,X(\] 0 . 0
b cug  Cpa Cs  Cpas 0 0 (XX 3) 0 1
ab ¢uag Capa Cuopp Cap 0 0 0 (X, 5Xap)
posterior distribution by
ply  ~  tlpcu, N +v) F, —1 —A\ _ “‘“}Bd/C“ i
na-1 Rss,
aly ~ t(aCuN+v) P 1 J\“'—‘nAmBl‘)’C i
~ s ———bCj
bly ~ (b_- Cs, N+ .’/) ng—1  Rss,
3 1 N —nang ~+ 1~
o F, T - - abC.5 ab
ab|y ~ t ( b C(ld! ;'\'r =+ I/) d (714 - 1)(‘”1; - U Rh‘h‘y f
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