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Bayesian Inference
= Specify the likelihood (joint pdf of data)

f(y|9) 0 is called the parameter of the model.

= Express your prior belief on the model parameter
as the prior distribution. (prior pdf)

h(0)

= Update your prior belief on the model parameter by
combining the prior pdf and the likelihood.

1
bW = T amm@a O

< f(ylo)hn(8)

Natural Conjugate Prior

= Nice prior in the sense that the prior and the
posterior distributions belong to the same class.

= prior h(6)
= posterior  h(fly) o f(y|6)h(6)

= natural conjugate prior depends on the likelihood.




How to Find Natural Conjugate Prior

1. Consider the likelihood as the function of 0.

0v(1— )N ¥

2. Enrich the function by replacing y etc by
the hyper-parameters.

Binomial likelihood

Repalce y and N etc.

g0~ 1(1 — gyt

3. ldentify the resulting distribution of 0.

Beta distribution

ho) = —

ap—171 _ p\Bo—1
Blao. g 7Y

Poisson
= pdf

(ol = 5 exp(=p)
= joint pdf =likelihood

N N!ﬁ H.l/+
flylm =11 TP =
=1 i (H}zlyil)

Ye =2 i1 Y
= natural conjugate prior pdf

1 7 1
hipt) = ——— x exp|—— | u'"®
(#) ['(ro)8y° : ( 90)‘

i~ Gamma(rg, 0y)

exp(—Np)

Poisson (cont)

= likelihood
N ,
[.l/z [_l/+ )
Pyl = [T - exp(—p) = 2 exp(- N )
= (szl 1/1'!>

= natural conjugate prior pdf

1 /l 0—1
h(pt) = —— x exp| —— | p'°
(n) 000 1( 90>1

w~ Gamma(ry, 6y)

posterior pdf
hply) o< flylp) x hip) =

Y+ .
ﬁ X exp (5—[> prot
szl y;! 0

] 1+ N6y) . 1
o pYrrTTo=l oy (Mi cGamma(yy + 7o, T
! ! o By +N

\r 1
exp(—Np) x Trar

)
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Poisson Example

= data
number of typos per page

n=5, yi=1, 8, 3, 0,2 mean=2.8
= prior

ro = 21/2, 0y = 1/2
= posterior

ply ~ Gamma(49/2,1/7)
posterior mean = 3.50, post std = 0.71




How to Choose Point Estimate

= Expected loss
Choose d which minimizes:

EL(dY) = Eo(L(d,0)ly) — [O L(d, 0)h(6]y)d0

= Various types of expected loss

minimized by:

Squared Error Loss = (d— 3)2 mean
Bilinear Error Loss = a(d—-0) ifd=<¥ median
b(@—d) ifd=>0
0-1 Error Loss  — 0 iffd—0/<b mode
1 if|d—6>b

Point Estimate

= Squared error loss

EL(dly) = /@(d—ﬂ)Qh(my)dB = [@(d2—2d9+92) h(0ly)do

= d2—2d[ Oh(0]y)do + / 02h(0)y)do
JO JO

= Minimum by differentiation

d:fgﬁh(f)\y)df) = E(0|y)
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Poisson Example

= posterior predictive pdf
hgly) = /f(z?\mh(ﬂ\yjdﬂ

/y@ (—p) x 1 N 1 n-ty
= — exp(— — exp | —— [
J o P ey P\ )

0, 1 N 6\t
= — xT ) [
+1J ](ﬁf i X (u+71)(91+1

1 P
x = [ p¥tilexp [711(9

gl 1

1 e N T(G4) 1
T . _ 1 1— ¥
A “’*’”(Blﬂ) NSRS

Uly ~ negbin(ry, o1 = 49/2,6, = 1/7
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Normal Model: continuous obs (y)
= voltage of battery

A=123=15

o

0.95 0.001 0.000

1.00 0.005 0.000 A digital voltage meter is used to measure
1.05 0.030 0.000 the voltage of a battery whose true voltage
1.10 0.104 0.000 -

115 0.220 0.000 is either 1.2v or 1.5v.

i ;g 8'223 g 'ggg The digital voltage meter display

1.30 0.104 0.005 the voltage with the step of 0.05 volt
1.35 0.030 0.030 as shown in the CPT.

1.40 0.005 0.104

1.45 0.001 0.220

1.50 0.000 0.282

1.55 0.000 0.220

1.60 0.000 0.104

1.65 0.000 0.030

1.70 0.000 0.005

1.75 0.000 0.001

L exp(—L(a: - 8;)2/0.05) Pr (B = ;)
Zg ﬁ cxp(*%(ai — Bx)?/0.05) Pr (B = f)

Pr(B=gjlA=wo;) =
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Normal Model (variance known)

= pdf
flylp) = ——

Y~ N(u.c?) ’ vV 2me?

= joint pdf = likelihood
f(ylp) f:[[
-

X exp (75(5/ _ #1)2/_/(_2)

exp (=3 (g — p)?/c 2)]

) (i)

ar? +br+c

Iu
ol

27c

completion of square
L b b2 — dac
a & —_
2a la

ANOVA decomposition

N e .
L RSS, 1N(u-7)?
= X exp | — =gt — = e 5 v
5= 27 "3 @

sufficient stat

1 N
y = TZ%‘
=1

Normal Model (var. known)
= likelihood as the function of u
flylp) = [ﬁ;}xmp (_R;:y_é\(ﬂ/i;m?)

)
i=1 v

Ny —
X exp (7i7Lﬁl UJ)

= prior pdf

— 02 . o.
h(pt) o exp (fi('uizﬂoj) o~ Npo, Jé)
2 a4

N
RSS, = > (ui-u)’
= 13 14
Normal Model (var. known) Normal Model (var. known)
= posterior = posterior predictive pdf
hiply) o flylp)hip) -
LN(p—7)? L {(p— pro)? hily) = [ F (@) h(pely)dye
X exp | -7 | xexp —ST J oo
s : x 1 1
N Oxp[% (_-\-'UI(;T/J L ;éu.)z)] x ([_xmq)( 53— ) )i?Xp (fﬁ(# p1)’ )(hu
= : i
X exp [f£ ((% + ! ) e —2 ( \;f + “—3) p.)} gl o~ N(p.c)
2 2 ol c oy o 9
. — 2 ply  ~  N(pg,o7)
. I - R
¢ —— . L — — iy 24
elaer) e fly~ NP rod) gl L
2 1 =t 57
! N + L 0
P P)
= note 1/(post. var.) = 70 = note
NY oo ] V/(prior. var/) + 1/(sampling var.) posterior predictive var is larger.
hiply) ~ N | —2. % ! - post. mean = weighted average of
2tor =t sample mean and prior mean
16
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Normal Model (var. known) example

= data and prior

N=20 =70 /[U:75 op =25 c=10

= post mean and std

70 x 2L 475 x L
100 "~ 0 * 35 70,83

mean = o :
20 1
100 + 25

std = =

Tlikelihood ||

0.10
|

0.05
|

0.00
|
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Normal Model (mean known)

= likelihood as the function of &
N

fwl = I %

i=1
N 1 N
_ . 22
— [H ‘”m?] X exp ( 553 Z(l/l b) )
i=1 <Ne =1
N
H 1 Rbbb N
= X exp | — L
1 Voro? ! 202 RSS, = (y: — b)?
= i=1
N RSS,
x O exp | — -
: 202
= prior
h(o) = ——2 x oo Lexp [ - —% a~x (v,K)
27 710(%) 202
-2 K2 =0,19=0
x o lexp <h_<)2> 0 0

Normal Model (mean known)
posterior pdf

holy) x f(ylo)h(o)

A RSS | K2
_N b ro—1 0
C o exp| ———— | xXo exp | ——
> ! ( 202 ) L ( 202

x o ot Lo ( (RS5S + h()))

202

—1 _ o ¢
()"ymx (i/(:)—F;N,Rbbb_F’L{S)
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Normal Model (mean known)

posterior predictive

JO

/X 1
Jo 210

h o 2 exp 7—1 ((f/ —b)? + hz) —
Jo ; 202 7 !

vi41

x [(7-b)% + K5

hily) = / " filo) x h(o|y)do

2

x exp (—(§ —b)?/0?) x o7 " Lexp <—;Tg>da
x r(z/l;l)
vi+1

(7 —b)%+ i)

V]

vi—1
p)

2

2

.2

yly ~ t(i, b, 1)
120
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Normal Model (both unknown)
= likelihood

.
flylp, o) o (H%)XHPX}) —5(yi — p)?/a?)

Normal Model (both unknown)

= posterior pdf

N 1RSS, 1N(u—7)?
/ ol o N ' - § ¥y - -
Wp,oly) oo o7 exp ( 5 52 5 =

=1
g 1 .
_N 1RSS, 1 N(p— ﬁ)z X a7 exp (*P (no(p —0)* + MQ)))
X o 7 Xexp|—= 5
2 02 2 o2 ) 1 ‘ ‘
= oV rZexp [ 207 5 (RSS, + N (p — ) +no(p— ) + hﬁ)}
= prior |
1 ) = exp [ ((p — (N 4 ng) + s1 + RSS, + hU):| g N-vo=2
h(j,0) = oo 0?2 e\p( 557 (no(p — Y0)* + hﬁ)) 207 i . }r
1 o= N o (novo + Ny)
plo ~ Ny ”2—) Nng 9
)i n g = 0 m
/ ~ Nx ' (v0, —. 0. K5) 1 ’ . N +ng & =)
a 0 o ~ X (k3 o)
H N =1y~ L N 2 ; RSS
ng = vo =-1 o ~ VX (#‘A\‘P+HUH‘ + Vo, K+ s+ "*',,l/)
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Normal Model (both unknown) Normal Model (both unknown) example
= posterior pdf = data and prior
1 , N =23 7548, RSS, = 0.798 Y =053Lng=3 =2 xZ2=0.206
( a ) ~ Ny, N 4 v, K2 + 51 + RSS,) ’ v ’ ’ !
o N+ ng ’ .
= posterior fi ~ 546, s; ~ 0.078
/ ‘ . _ kE+4 s+ RSS,
uy o~ HN oI (\ + o) (N + 720)) ( ' ) ~ Ny 7H(5.46,1/26,25,1.13)
a
oly ~ X"NN + o,k + s+ RSS,) 1y ~ £(25,5.46,0.00174)
§27 @ 7
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Normal Model (both unknown)

posterior predictive pdf

h(ygly) = / / L@, o)h(pe, o|y)dudo
0 —00

- / / Flp. o)u(plo,y)h(o|y)dpdo
U —_—00

jlpo ~ N(u,o?)
2

.

oy ~  N(y,—)
nq

aly ~ X"k

ly ~ t(r .
viny
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