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Multiple Independent Observations

= If two events are mutually independent
the joint probability of two events can be
written as

Pr(Ay & Au|Bj) = Pr(4i,4x|B;))
= Pr (A?1|BJ,) x Pr (AE_)|BJ)

Multiple Independent Observations

Pr(Ai1,Ai2 | Bj) = Pr(Ait | Bj) Pr(Ai2 | Bj
CPT or Model Probability © " A2 | B) = Pr(Ail | Bj) Pr(Aiz | By

B B, B
A, Ay Pr(A;|B1)Pr(A;|By) Pr(A;|B;)Pr(A:|B;) Pr(A;|By)Pr(A;|Bs)
A Az | Pr(AyBOPr(Az2By) | ... | PriAB)Pr(AzlB) | ... | Pr(Ay|Bu)Pr(Az|By)
Air, Aiz | Pr(Aa|B1)Pr(Ai2|B1) | ... | Pr(Aa|B;)Pr(Ai2|Bj) | ... | Pr{Aa|Bs)Pr(Aiz|Bs)
AuiAu | Pr(AdBPr(Aas) | | PriauBPradsy) | | PriAdB)Pr(AdB)
Pr(B) Pr(B1) Pr(5)) Pr (By)
If 4;,7=1,2,...,a are mutually exclusive and exhaustive

a a
> > Pr(Aa, Ap|B;) =1

i1=1i2=1
Joint Probability

Pr (AilaAfQ;Bj) = Pr (A.;l,Aﬂ'Bj) x Pr (BJ)

Posterior Probability

1

Pr(Bj|Ai, Ai) =
r (B;| At 2) z?zlpr(Aﬂ,AzQ:Bj)

Pr (A, A2, By)




Multiple Independent Observations
= Joint Probability Table

Multiple Independent Observations
Posterior Probability

1
Pr(B;|Ai, Ap) = Pr (A, Az, B;)
a Tl z b . . i Ll () 7
Pr(Aj, Ai, Bj) = Pr (A-ilaAi‘ZlBj) x Pr(Bj) i Pr (Air, Az, By)
B, B By, Fr(4. 4) B B B o
Ap, Ay Pr{Ay|B1)Pr(A1|B1)Pr(B)) Pr(AL\Hj)P,- A1|B; Fr(F!J- Fr(.~\1 Bo)\"r A1|By Fr(BJ Pridy, Ay) : d I' ( s L‘)
Ay, Ag Pr(Aq|B1)Pr(Ag|B{)}Pr(By) T'r(A”Hj)F‘:- Ag|B; Fr(F!:" Fr(.~\| Bb)\"r Az|By Fr(B‘J Pr(Aq. Ag) Pr (A1 |By)Pr (4,18 Pr (B) Pr (.U H_,)]’r(.n HJ]’]‘(H/) ]’1'(.(1 Hb)]’r (.\1 H!,)]’r(Hf-)
: : : A PriAL A7) Pr(ALAL) PrAL A Pr(dy, A1)
i | P ( ( ‘ . A _ 1”'(-‘1 B )h-(.u B )m-(H ) "l'(-H H,)]a- (.s.\ H!)]’r(ﬂ-)
i1 A r(A“ B,)rr(A,:\ﬁ‘)rr(s‘) Pr(Au\Hj)P: (A,‘?\H)-)Pr(ﬂi) Pr (Ax-1 Bb)rr(Aiz Bb)Pr(BJ) Pr(A“JQ) 8 Pr(Ay|By)Pr (A B )Pr(B)) 1 Ll ] hifF5 o ! Pe(Ay, A7)
) } . wliisd = DAL Ay Tr (A}, Ag) Fr(AL, Ay) L4
Ay Aa Pr(Ag|B1)Pr(Aa|By)Pr(By) Fr(An\Hj)Pa' (IArA\H.,-)r (FBI‘) r:r(A,k Bb)rr(Au\Rb)rr(H;,) Pr(4(.,_. Ag)
Pr(B) Pr(By) PJ'(HJ) Pr (eb)
Pr(Aj1|By|Pr [ Az2]By | Pr(By) Pr (A1 B; | Pr [Ag9]B; | Pr (B Pr{Ajy|By ) Pr(Ap|By | Pr (B
sy | L) () (e e (i () (st (1t () k)
. . 1’]‘(-‘@--‘4:) 1*1-(.1”..‘[» 1*1-(1”..;!_\)
Posterior Probability :
1
Pr (Bl/—l A; ) Pr (A A B) . ' ' " . s (x
314441, £142 b ily £1i2y g (4|51 )Pe (A By Pe(B:) Pr | Aq|Bj |Pr (Aq|Bj |Pr ( B; Pr{Aq|By | Pr (Ay]B, | Pr | B;
> Pr (A, A, Bj) Ay | Bl H]‘,;_]f![f‘:“ﬁ} =8 ( ]).,. \(‘) ( ) ( ]),]_ !(l) ( ) Pr (4. Aq)
( [ (
Pr(B) Pr(By) ]’1-(Hj> 1"-(H,,)
5
- - - -
Coin Tossed Twice Coin Tossed Twice
CPT of A given B Joint Probability of A and B Posterior Probability CPT of A given B Joint Probability of A and B Posterior Probability
and Marginal of B and marginal of A am inal of B d inal of A
B1:1/2 B2:2/3 B1:1/2 B2:2/3 Am B1:1/2 B2:2/3 sum and fargina- o and margina: o
B1:1/2 B2:2/3 B1:1/2 B2:2/3 Am Bi:1/2 B2:2/3 sum
A1:HH .25000 .44444 A1:HH .12500 ,22222 34722 A1:HH .36000 .64000 1,
A2:HT .25000 .22229 A2:HT .12500 .11111 .23611 A2:HT .52941 .47059 1. A1:HH 28000 .44444 A1:HH 12600 .22222 .34722 A1:HH ,36000 .64000 1.
A3:TH .25000 .22222 A3:TH .12500 .11111 .23611 A3:TH .52941 .47058 1. A2:HT .25000 .22222 A2:HT .12500 .11111 .23611 A2:HT .52941 .47059 1.
A4:TT .25000 .11111 A4:TT .12500 .05556 .18056 A4:TT .69231 .30769 1. A3:TH .258000 ,22222 A3:TH .12500 .11111 .23611 A3:TH .52941 .47059 1.
A4:TT .25000 .11111 A4:TT ,12500 .05556 .18056 A4:TT .69231 .30769 1.
Bm .50000 .50000 Bm .50000 .50000 1.0000 Bm .50000 .50000
Bm .50000 .50000 Bm .50000 .50000 1.0000 Bm .50000 .50000

Note that the posterior odds of not Fair to Fair, given Head, is

larger with this example.

Pr (notFair|Head) RiYa! 640 Pr (notFair|Head, Head)
= =1.333 < 1778 = =
429 360

Multiple observations provide more information on B.

Pr (Fair|Head) Pr (Fair|Head, Head)

Note also that, Pr (Fair|Head, Tail) = Pr (Fair|Tail, Head).
Nunber of Heads is sufficient for the inference.




Two Test Scores

Test Sceore (twe scores)

Conditional Probability of A Joint Probability of A and B

given B (Model) and the Marginal Posterior Probability

PROB1 Bi:L B2:M B3:H PROB2 Bi:L B2:M B3:H Am PROB3 Bi:L B2:M B3:H

Two Test Scores

Note that, with this example (CPT) the sum of two test scores

A1:00 .01000 .01000 .00000 A1:00 .00250 .00500 .00000 .00750 A1:00 .33333 .66667 .00000
A2:01 .03000 .01000 .00000 A2:01 .00750 .00500 .00000 .01250 A2:01 .80000 .40000 .00000
A3:02 .04000 .02000 .00000 A3:02 .01000 .01000 .00000 .02000 A3:02 .50000 .50000 .00000 . ﬂ:i . F 1 1 . b b.l. fB
A4:03 .02000 .03000 .00000 A4:03  .00500 .01500 .00000 .02000 A4:03 .25000 .75000 .00000 r
A5:04 .00000 .02000 .00000 A5:04 .00000 .01000 .00000 .01000 A5:04 .00000 1.0000 .00000 18 nOt su Clent' or exalnp € t' 1€ pOSterlor prO abl ]t’} 0
AB:05 . 00000 .01000 .00000 A6:05 .00000 .00500 .00000 .00500 AB:05 . 00000 1.0000 .00000
AT:10 . 03000 .01000 .00000 AT:10 .00750 .00500 .00000 .01250 AT:10 . 60000 .40000 .00000 .
AS:11 .09000 .01000 .00000 AS:11 .02250 .00500 .00000 .02750 AS8:11 .81818 .18182 .00000 g]_Ven sSum = 6 are ShO\Vn belo“f,
A9:12  .12000 .02000 .00000 A9:12  .03000 .01000 .00000 .04000 A9:12 .75000 .25000 .00000
A10:13 .08000 .03000 .00000 A10:13 .01500 .01500 .00000 .03000 A10:13 .50000 .50000 .00000
A11:14 .00000 .02000 .00000 Al1:14 .00000 .01000 .00000 .01000 A11:14 .00000 1.0000 .00000 Conditional Probability of A Joint Probability of A and B
A12:15 .00000 .01000 .00000 A12:15 .00000 .00500 .00000 .00500 Al12:15 .00000 1.0000 .00000 . . . R
A13:20 .04000 .02000 .00000 A13:20 .01000 .01000 .00000 .02000 A13:20 .50000 .50000 .00000 given B (Model) and the Marginal Posterior Probability
Al14:21 .12000 .02000 .00000 Al14:21 .03000 .01000 .0000O0 .04000 Al14:21 .75000 .25000 .00000 . . . . . . . . .
A15:22 .16000 .04000 .01000 A15:22 .04000 .02000 .00250 .06250 A15:22 .64000 .32000 .04000 PROBL Bl:L Bx:M B3:H PROE2 Bl:L B:M B3:H Am PROB3 Bl:L B:M B3:H
A16:23 .08000 .06000 .02000 A16:23 .02000 .03000 .00500 .05500 A16:23 .36364 .54545 .09091 A12:15 ,00000 .01000 ,00000 A12:15 ,00000 00500 00000 .00500 A12:15 ,00000 1.0000 .00000
Aisi2e (00000 (03000 (03000  AIB.26 00000 01000 00760 (01750  A18.25 00000 .o7i4s |4sse7 432:51 .00000 .01000 .00000  A32:51 .00000 .00500 .00000 .00500  A32:51 .00000 1.0000 .00000
A19:30 .02000 .03000 .00000 A19:30 .00500 .01500 .00000 .02000 A19:30 .25000 .75000 .00000
A20:31 .08000 .03000 .00000 A20:31 .01500 .01500 .00000 .03000 A20:31 .50000 .50000 .00000
A21:32 .08000 .06000 .02000 A21:32 .02000 .03000 .00500 .05500 A21:32 .36364 .54545 .09091 A17:24 ,00000 .04000 .04000 A17:24 .00000 02000 .01000 .03000 A17:24 .00000 .66667 .33333
R25.52 00000 06000 08000 A33.34 00000 03000 02000 05000  A23:34 00000 60000 40000 A27:42 00000 .04000 04000 A27:42 00000 ,02000 .01000 .03000  A27:42 .00000 .66667 .33333
A24:35 .00000 .03000 .06000 A24:35 .00000 .01500 .01500 .03000 A24:35 .00000 .50000 .50000
A25:40 .00000 .02000 .00000 A25:40 .00000 .01000 .00000 .01000 A25:40 .00000 1.0000 .00000
A26:41 .00000 .02000 .00000 A26:41 .0000C .01000 .00000 .01000 A26:41 .00000 1.0000 .00000 A22:33 .04000 .09000 .04000 A22:33 .01000 .04500 .01000 .06500 A22:33 .15385 .69231 .15385
A27:42 .00000 .04000 .04000 A27:42 .00000 .02000 .01000 .03000 AZ27:42 .00000 .66667 .33333
A28:43 .00000 .068000 .08000 A28:43 .00000 .03000 .02000 .05000 A28:43 .00000 .60000 .40000
A29:44 .00000 .04000 .16000 A29:44 .00000 .02000 .04000 .06000 A29:44 .00000 .33333 .66667
A30:45 .00000 .02000 .12000 A30:45 .00000 .01000 .03000 .04000 A30:45 .00000 .25000 .75000
A31:50 .00000 .01000 .00000 A31:50 .00000 .00500 .00000 .00500 A31:50 .00000 1.0000 .00000
A32:51 .00000 .01000 .00000 A32:51 .00000 .00500 .00000 .00500 A32:51 ,00000 1.0000 .00000
A33:52 .00000 .02000 .03000 A33:52 .00000 .01000 .00750 .01750 A33:52 .00000 .57143 .42857 3 .
A34:53 .00000 .03000 .06000 A34:53 .00000 .01500 .01500 .03000 A34:53 .00000 .50000 .50000 If CPT 1S proportlonal tO the PDF Of the Normal
A35:54 .00000 .02000 .12000 A35:54 .00000 .01000 .03000 .04000 A35:54 .00000 .25000 .75000
A36:55 ,00000 ,01000 .09000 A36:55 .00000 .00500 .02250 02750 A36:55 ,00000 .18182 .81818 o o o . . . .
Bm .25000 .50000 .25000 Bm .25000 .50000 .25000 1.0000 Bm .25000 .50000 .25000 9 dlstrlbutlon Sum IS the Sufﬁclent Statlstlcs 10
’ .
Multiple Observations in General Numerical Category Values
Conditional Probability = When the categories have numerical value,
CPT can be expressed by a formula f(.|.).
n
) _ e ( / 1
Pr(Aiy, Aig, -, A | By) = [ Pr (A B;) Let A and B be the random varialbes whose values are
k=1
a; and f3;.
Posterior Probability
SN / / )
: o _ Pr(A;, A, ..o Ain|B;)Pr (B;)
Pr(Bj|Ai, Aia, ..., - Ain) R -
> i Pr(din, Ais, .. Ain | Bj)Pr (B;) CPT
L A . . —_— —_— . —_— . — . .
e Ay T Pr B e ) Pr(AiB;) = Pr(A—aiB =) = floil)
G [ il s S92 00 0 g 4 “Lin - b n
S0 (T, Pr (A B,)Pr (B,))
T
x (] Pr (Al B,)Pr(3;)
=1
11 12




Coin Toss: Bernoulli Distribution

A: Indicator Variable

1 Head 1 Head
«
0 Tail 0 Tail

B: Success Probability

0<p<1
Pr(A=1B=8)=0 & Pr(A=0[B=3)=1-f

CPT: Bernoulli Distribution
Pr(A=alB=f;)= flaf) = B}(1- ;)"

13

Coin Toss: Binomial Distribution

Two observations: Ay and Ay

Pr (A(ll =am&Ap =a@|Bj =8;) = Pr(Ag =au|B;=8;) xPr (A(g) = ag)|B; = 3;)
= flowlB;) x flaw)l6:)
= BT x BiO1 - gy
ﬁ-j;'m“'m (1- ﬁj)z—(n“ﬁam)

N observations: Ay, k=1,2,... N

Pr (A(l = 1) &A(2 =2y, .- :A(N) = (X(N)|Bj = ﬁj)
N

2u:
|
2
=
&=

- H g1 - e

k=1

_}ZA u“{*)(l )'\. pIFNIETS

x Pr ( number of Heads out of N = ZL] | By = ﬁj)

14

Coin Toss: Binomial Distribution

Let Y be the random number representing the number of Heads out or N tosses.

N
There are ( ) sequences of Ay, k=1,2,... , N, which result in y Heads, i.e.

Y

N
Y k=1 Q(k)
CPT: Binomial Distribution
Pr(Y =y|B; =f8;) = number of combinations x
Pr (Zk Q) =y|Bj = /87)
= f(ylB;)

( N ) x B(1— )N
Yy

Note that when N=1, Binomial = Bernoulli.
15

Binomial Distribution
CPT:
Pr(Y =y|B=3;) = ( f ) x pY(1— BN
Y={0,1,2,...,.N}
Joint Probability
Pr(Y —y,B=8;) = Pr(Y=y|B=3)xPr(B=3)

N
= ( y )xﬁ_;‘(lﬁj)"’yPr(Bﬁj)

Posterior Probability

Pr(B=g;|lY =y) o« Pr(Y=y,B=3;) x BY(1—3;)" ¥Pr(B=3;)

S Pr(Y =y,B=3)
BY(1— B;))VvPr (B = j3;)
S BY(1— BHN-YPr (B = ;)

Pr(B=glY =y) =

16




Extending B to continuous RV

= About continuous random variables

17

Discrete Random Variables

= probability function

flx)=Pr(X =2 ro <X <1

S fla) =

T=x0

» distribution function

Pr(X <a)=Fla) = 3 f(2)

Z=T0

Pr(a < X <b) Zf - > fle) =

r=IQ T=TQ

F (o) =minr € R:p < F(x)

18

Continuous Random Variables
probability distribution function and density (pdf)

Pr(X <az)=F(x) = /I ‘f(z)dz L fla)yde =1

probabilities

b
Pra< X <b) = / fx)dr

19

0.2 0.3 0.4

0.1

0.0

20




Joint PDF, Conditional PDF
= joint pdf

/y /); fla,y)dedy =1

= conditional pdf

J(2,y)

f(y)

[, y)
fx)

[ ratiar =1 [ =1
X Y

flzly) =

flyle) =

Joint PDF
W
R
i °
i ]

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
theta1

Bayes Theorem (continuous)
= Bayes theorem
B is discrete B is continuous 9"’ ’ 9 ] 9
calisTm' numerical numerical h(@‘y) — f( y) — f(y‘ )?( )
Ais discrete categc'rical A D G f(l{j) f.@) f(y‘@)h(@)d@
i i mmet‘fml i - optpf, h=be cpt=pf, hepd]
T ¢ S - = proportionality
A: simplest case 1
B test s?ori h(9|y) — f(y|9)h(9)
- Jo FyI0)h(6)dB
Foikally o< f(ylo)h(6)
G:
i = Posterior pdf is proportional to
Likelihood x Prior pdf




Bayesian Inference
= Specify the model distribution (likelihood.)

f(y\@) 0 is called the parameter of the model.

= Express your prior belief on the model parameter
as the prior distribution. (prior pdf)

h(6)

= Update your prior belief on the model parameter by
combining the prior pdf and the likelihood.

MO = T raaaaaE VOO

o< f(ylo)h(0) .

= Going back to Binomial Likelihood

Based on the # of successes out of N trials,
we must make inference on the parameter q
which is the probability of success.

Bi, 7=12,...,b, b— o0

= How do we specify the prior distribution?

26

Non-informative Prior
= |If we do not have any knowledge on 6

h(6) =1
s Posterior distribution of 0

h(0ly) o f(ylO)r(0) = f(y|0)

— gv(1— O)NY
fl 0v(1 — N Ydd = By +1,N —y + 1)
0
1
h(fly) = 0v(1— )N
O = o=
pdf of Beta distribution r r
By - D@0

F(OL + b) 27

Beta Distribution

= pdf: X~ Beta(a, B)
1

o, 3) — % 21— )Pt
f(ala, B) B(a, 3) ( )
i I'(a)I'(3)
.J.j - - -
Ble, ) T'la+ 3)
= moments
£(X) 0 var (X) a3
-, var _ .
‘ a+ 3 ‘ (a+ B (a+3+1)
—1 .
mode(X) - :J_} —5 (@ >1&3 > 1)

28




Beta Distribution

a=4, b=6 a=6, b=4

Density
00 05 10 15 20 25
| | | | | |

T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 00 02 04 06 08 10

29

Identifying Posterior Distribution

If we know
h(9|y) x 9y+ao—1(1 _ g)N—y+ﬁo—1
the we know

6| ~ Beta(y + oo, N —y+ 5o)

30

Summary of Posterior Distribution

Posterior Summary

ol = 2
mode(Bly) = %
’U(l?“(9|y) _ (y+1)(N_y+1)

(N +2)2(N + 3)

31

How to Choose Point Estimate

= Expected loss
Choose d which minimizes:

EL(dly) = Eo(L(d, B)ly) — [O L(d, 0)h(6]y)do

= Various types of expected loss

minimized by:

Squared Error Loss = (d — §)? mean
Bilinear Error Loss — ald—0) ifd<6 median
bf—d) ifd>0
0 if|d—8 <b

mode

0-1 Error Loss —
1 if|d—8>b

32




Point Estimate

= Squared error loss

EL(dy) [@(d—ﬂ)Qh(Q\y)dB = [@(d? — 2d0 + 62) h(6]y)d6

= &2 —Qd[ Oh(8|y)do + / 02h(0)y)do
JOe JO

= Minimum by differentiation

d:feﬁh(ﬂy)dﬁ = E(0|y)

33

Natural Conjugate Prior

= If you can express you prior knowledge of 6
by a Beta distribution:

o) = B(ozz,ﬁo)

x g1 — )Pt
= Posterior is also a Beta distribution.
h(Bly) o 0Y(1—0)N~¥ x gao—1(1 — g)fo—1
— Q?J-I-Oéo—l(l _ Q)N—y-i-ﬁo—l

goo—1(1 — g)Pot

= pdf of Beta(y+ ao, N —y + 5o)

34

Summary of Posterior Distribution

= Posterior summary in general

g+ Yy
Ebly) = :
(6]) ap+ B0+ N
—1
mode(0|y) = % +Y

a0+ Bo + N — 2
(a0 +y)Bo+ N —y
(a0 + Bo+ N)2 (oo + Po+ N +1)

var (8ly) =

35

Example

= Ten tosses of a coin:
HTHHTHHHHT N=10,y=7

= Prior: B(2,3)
= Posterior: B(9,6) = B(2+7, 3+10-7)

osterior SRT prior  posterio
P A likelihood | pean 0,40 0,60

mode 0.33 0.62
std 020 0.12

20 25 30
L 1 L

Posterior var(std) is
smaller than prior var.

05 10 15
L 1 L

0.0
L

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

T

36




Example

= 50 tosses of a coin:
N=50, y=35

= Prior: B(2,3)

= Posterior: B(37,18)

A lilelihood prior  posterior
A\ mean 040 0.67
mode 0.33  0.68
std 0.20  0.06

posterior

Posterior var(std) is

Posterior Variance

= Expected to be small

E(0ly) = var () — var (E(f]y))

= Some exceptions
prior: Beta(10,2)
data: n=3, x=1
posterior: Beta(11,4)

Beta(10,2)
n=10, x=1
Beta(11,11)

prior
- U smaller than when N=10.
0.0 0.2 0.4 0.6 0.8 1.0 37 38
Predictive Distribution Normal Model
: - = voltage of battery
= posterior predictive _ o 512 8-15
What do we know about the next observation 0.95 0.001 0.000 . _
) 1.00 0.005 0.000 A digital voltage meter is used to measure
after observm_q N obs. 1.06 0.030 0.000 the voltage of a battery whose true voltage
1.10 0.104 0.000 .
higly) = ff('l}ﬂ)h(?fy)dﬂ 1.15 0.220 0.000 is either 1.2v or 1.5v.
- - 1.20 0.282 0.000 - :
7 195 0.220 0.001 The digital vqltage meter display
. 7_17(1 B 7_)1_}; % 1 o=l (1- 7_)‘;31_1 1.30 0.104 0.005 the voltage with the step of 0.05 volt
- ‘ ‘ Blos, ) ‘ ‘ 1.35 0.030 0.030 as shown in the CPT.
1 ‘ 1.40 0.005 0.104
a1, B i 1.45 0.001 0.220
= B((\—ﬁ)fw 1 = )Y 1.50 0.000 0.282
1,71 1.55 0.000 0.220
Blay+y,81+1—19) 1.60 0.000 0.104
= - 1.65 0.000 0.030
B(ay, 1) 1.70 0.000 0.005
B F((Yl + i])r('gl + l o !‘]) y F((Yl + “[31) 1.75 0.000 0.001
T T T A5 +1) (o )T (5)) Pr(B = A ) L exp(~4(os — 4;)/0.05) Pr (B = ;)
. e - 3 7 r = M4 = Qg = a <
_ I (49— DG —9)! ja=a >k o exP(—5(as — B3k)2/0.05) Pr(B = )
ap + Gy (g — DB —1)! 39 0




