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Outline

1. Introduction to Bayes Theorem       

2. Binomial Model and Poisson Model

3. Normal Model

4. Normal Regression Model

5. Bayesian Numerical Calculations 
(Markov Chain Monte Carlo) 

6. Application of MCMC

7. Model Selection

8. miscellaneous topics
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Multiple Independent Observations

� If two events are mutually independent

the joint probability of two events can be

written as
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Multiple Independent Observations
Pr(Ai1,Ai2 | Bj) = Pr(Ai1 | Bj) Pr(Ai2 | Bj) 
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Multiple Independent Observations

� Joint Probability Table
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Multiple Independent Observations
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Coin Tossed Twice
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Coin Tossed Twice
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Two Test Scores 
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Two Test Scores

If CPT is proportional to the PDF of the Normal 

distribution, sum is the sufficient statistics.
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Multiple Observations in General

Conditional Probability

Posterior Probability
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Numerical Category Values

� When the categories have numerical value,

CPT can be expressed by a formula  f(.|.).
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Coin Toss: Bernoulli Distribution
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Coin Toss: Binomial Distribution
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Coin Toss: Binomial Distribution
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Binomial Distribution

Y={0,1,2,…,N}
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Extending B to continuous RV

� About continuous random variables
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Discrete Random Variables

� probability function

� distribution function

19

Continuous Random Variables

� probability distribution function and density (pdf)

� probabilities
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pdf
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Joint PDF, Conditional PDF

� joint pdf

� conditional pdf
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Joint PDF
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B is discrete B is continuous

categorical numerical numerical

A is discrete categorical A D G

numerical B E H

cpt=pf,  h=pf cpt=pf,  h=pdf

A is continuous numerical C F I

cpt=pdf, h=pf cpt=pdf,  h=pdf

A: simplest case

B: test score

C: body hight M/F

D: 

E: coin toss F/NF

F: battery test

G:

H: Bernoulli/Binomial

I: Normal
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Bayes Theorem (continuous)

� Bayes theorem

� proportionality

� Posterior pdf is proportional to 

Likelihood x Prior pdf
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Bayesian Inference

� Specify the model distribution (likelihood.)

� Express your prior belief on the model parameter

as the prior distribution. (prior pdf)

� Update your prior belief on the model parameter by 

combining the prior pdf and the likelihood.

θ is called the parameter of the model.
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� Going back to Binomial Likelihood

Based on the # of successes out of N trials,

we must make inference on the parameter q

which is the probability of success.

� How do we specify the prior distribution?
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Non-informative Prior

� If we do not have any knowledge on θ

h(θ) = 1

� Posterior distribution of θ

pdf of Beta distribution
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Beta Distribution

� pdf:    X     Beta(α, β )

� moments
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Beta Distribution
a=4, b=6 a=6, b=4
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Identifying Posterior Distribution
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Summary of Posterior Distribution
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How to Choose Point Estimate

� Expected loss

Choose d which minimizes:

� Various types of expected loss

Squared Error Loss

Bilinear Error Loss

0-1 Error Loss

mean

median

mode

minimized by:
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Point Estimate

� Squared error loss

� Minimum by differentiation
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Natural Conjugate Prior

� If you can express you prior knowledge of θ

by a Beta distribution:

� Posterior is also a Beta distribution.
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Summary of Posterior Distribution

� Posterior summary in general
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Example

� Ten tosses of a coin:

H T H H T H H H H T    N=10, y=7

� Prior: B(2,3)

� Posterior: B(9,6) = B(2+7, 3+10-7)

likelihoodposterior

prior

prior     posterior

mean     0.40     0.60

mode     0.33     0.62

std         0.20     0.12

Posterior var(std) is

smaller than prior var.
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Example

� 50 tosses of a coin:

N=50, y=35

� Prior: B(2,3)

� Posterior: B(37,18)

prior     posterior

mean     0.40     0.67

mode     0.33     0.68

std         0.20     0.06

Posterior var(std) is

smaller than when N=10.

lilelihood
posterior

prior
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Posterior Variance

� Expected to be small

� Some exceptions

prior:         Beta(10,2)              Beta(10,2)

data:         n=3, x=1                 n=10, x=1

posterior:  Beta(11,4)              Beta(11,11)
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Predictive Distribution

� posterior predictive

What do we know about the next observation 

after observing N obs.
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Normal Model
� voltage of battery

A digital voltage meter is used to measure

the voltage of a battery whose true voltage

is either 1.2v or 1.5v.

The digital voltage meter display

the voltage with the step of 0.05 volt

as shown in the CPT.


